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ON RECORD BEHAVIOURS OF RETURNS FOR INTERVAL MAPS

BOYUAN ZHAO

ABSTRACT. Given a dynamical system (X, T) and an ergodic invariant measure u, a pu-typical point
x € X under T visits arbitrarily small neighbourhood of . We will use techniques based on extreme
value theory and Laplace functional for point process to show that, for interval maps with suitable
mixing and anti-clustering conditions, the limiting distributions of the record times and values of
the return process Y;(x) = —logd(T’z, x), after possible normalisation, has Poisson-type laws.

1. INTRODUCTION

Let (X,T,u) be a dynamical system defined on the metric space (X,d), and p is a T-invariant
ergodic probability measure. For a p-typical x € X, one of the most fundamental theorems in
dynamics, namely the Poincaré recurrence theorem, asserts that for p-almost every z € X,

liminf d(T"z,z) = 0.

n—,oo
An alternative interpretation is, for a u-typical point, there exists a subsequence (ny)x such that
d(T™kzx, x) is strictly decreasing. A rich research area of dynamics is devoted to establishing various
quantitative limit laws in relation to recurrences, either regarding the return time or the return
distance (see, [BS], [Coll, [Soull, Sou2|], [KKP], [HKKP]|, [GHN], etc.) obtaining results in various
forms: almost sure convergences, dynamical Borel-Cantelli dichotomy results, fractal dimension-
related formulae, extreme value theory etc. In this paper, we are interested in the behaviour of the
record value of return distances to the initial position z. More precisely, let

Yj(x) := —logd ($,zj) . (1.1)

This observable is well-defined for almost every z non-periodic and all j € N. Set m; = 1 and
inductively define the k-th record time 73 := inf {'m > Tp_1: Yy > le}- We will develop a
useful approach to determine the behaviour of Y, . In particular, we will use results based on
Extreme Value Theory to prove that the distribution of 73, and Y, follow a particular limit law if
the system is fast-mixing and satisfies some other conditions regarding clustering short returns (see
Theorem below). More precisely, under suitable conditions, we prove that

Theorem 1.1. P(Y;, —logn < r) — Or %e‘zdz. Equivalently, the k-th record after normal-
isation has a Gamma distribution.

To guide us on why we should expect such form of the limiting distribution, let us first look at
the i.i.d. case, since an observable on a fast mixing dynamical system behaves like a chain of i.4.d.
random variables after relatively few iterates.
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1.1. Motivation: independent with common distribution case. Let {Xi}i:0,17,__ be a se-
quence of 4.i.d. random variables taking values in [0, 1] with common distribution function F' and
density f. Inheriting the definition above, i.e. Y; = —logd(Xo, X;), we observe the following:

Condition on the event Xy = z, then (Y});>1 is i.i.d. and has distribution

Ga(y) =P(Y; <y) =P(X; —z|>e¥)=1- (F(z+e) - Flz —e))
z+e Y
1 _/ F(t)dt

So Y; has density g.(y) = %Gm(y) =e Y[fz+e )+ f(x—eY).

By, for example [Kar, [HS| R1], using the hazard function,

Yo (=log(l — Gu(2)))*!
PO <ol =) = [ LS EI I (1.2)
Note that (F(x +e7%) — F(z —e 7)) = f;j::: f(&)d¢ is comparable with the probability of visiting

an r-neighbourhood around x with » = e~ (in dynamical system context, for a system (X, T, 1)
this is simply p(B(z,e ?))). By the Lebesgue differentiation theorem, F'(z + e %) — F(x — e %) &
2f(z)e™?, Gu(y) = 1 —2f(x)e”? and Y;, — log(2f(z)) is asymptotically I'(k, 1) (actually it is the
special case of Gamma distribution, known as Erlang, since k € N) distributed, so, integrate over
x according to X,

P (Y, — log(2f(x // ] et f(x) dt dx.

The proof of records for i.7.d. random variables follows from proving that the k-th record has the
same distribution of the sum of £ number of 4.i.d. random variables with the exact same distribution,
plus the fact that the independent increments between record has exponential distribution (see e.g.
[R1]). We can establish the result via extreme value theory and point process in a rigorous way.

In classical extreme value theory, given a sequence of i.i.d. random variables {;}; with common
distribution F, if for each 7 > 0, there is u,(7) a sequence of numbers such that

n(l — F(uy(1))) = 7 as n — 00, (1.3)
then (see for example [LLR]) the partial maxima M,, = max;<, §;
P (M, < unp(7)) — e " in distribution as n — co. (1.4)
Thus, coming back to our previous question, again conditioning on Xy = x again and set u,(7) =
T 4+ logn,
e~ T/n
n(l —Gg(uy)) = n/ze_T/n ft)dt = | (woe T/n | / » T/n )dt

— 2e 7 f(x),

n—o0

where the last line holds almost surely by the Lebesgue differentiation theorem. This means,
conditioning on Xy = x, the process
max Y;—logn 1/n<t<1,
M, (t) = { JElblinl]
Y1 —logn 0<t<1/n.
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converges to an extremal process Y (t) generated by the distribution H,(y) = e~ 2/(®)¢™ (see [RR]).
So integrating over the conditional event { Xy = z},

P < max Y; <7+ log n) — /le(’”)e_Tf(x)dx. (1.5)
1<j<n

Remark 1.2. In classical extreme value theory the observable Y; may be defined more generally

by ¢(d(x, X;)) where ¢ may take one of the three form, such their normalised partial maximum

converges weakly to Gumbel, Frechet and Weibull distribution, respectively:

e p(t) = —log(t), then My(t) = M, — logn converges weakly to an extremal process of
Gumbel type;

o ¢(t) =t for some a > 0, then My(t) = n=*M, converges to an extremal process of
Fréchet type;

e o(t) =C —t for some C € R and o > 0, then M,(t) = n® (M[m] — C) converges weakly
to an extremal process of Weibull type

For the scope of this paper, we will concentrate on the case corresponding to the Gumbel-type
distribution.

Lemma 1.3. Let Z be a Poisson random variable with mean X\, then

P(Z > k) = /0A G ! it et =Pk 1) < )

where I'(k, «) is a Gamma distributed random variable with parameters k and o.

Proof. Let g(\) :=P(Z > k) = e D ik %)\j. It is clear that g(0) = 0, and g is differentiable in A

for all k£ > 1, hence g(\) = OA g'(t)dt where

/ = — —A —\ = — —A —\ = ]_1 — —Ay k-1 D
g\ e ;:kj!)\ e jE:kj!)\ +e JE:k (j—l)!)\ (k—l)!e AP

Recall the definitions of 73, conditioning on Xy = = again, we define the counting measures

Ro=Y 0 Vai= D 0(v:, —logn)/2f(x)}
k=1 k=1

By [RR) Theorem 4, Theorem 5], [R2 Corollary 4.22, Corollary 4.23] or [LLR] Theorem 5.7.1,
Theorem 5.8.1],

R,=R & V,=YV bothin My,(0,00), (1.6)
where R is a Poisson Random Measure (PRM) with intensity measure, t~'dt, and ¥V a PRM with
intensity determined by S(y) = y. Recall the Gamma density function, v 1 (t) = ﬁtkile*t where

I'(k) = (k — 1)!, then for all y > 0:

P((Yr, —logn)/2f(z) <y) =P(Va(0,y] 2 k) — P(Poi(y) = k)
Y1 -1 -t g, _
= /O %tk Le7tdt = P(D(k, 1) < ),

In the above formula we suppressed the dependence on Xg = x, so after averaging over Xy = x,

P (d (Xo, Xy,) > e*2f<z>y/n) = /]P’(F(k;, 1) < y) flz)da (1.7)
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The above result is comparable with , with a caveat that 7 represents the k-th record above the
threshold logn. Moreover, from one deduces that due to the conditioning on initial condition
Xy, the distribution of the record values will be averaged according to the density f (in fact, Xy
needs not to have the same distribution as the other X;’s as long as Xy is defined on the same
probability space), which is similar to introducing another level of stochasticity. We can interpret
this via the perspective of a Coz process.

1.2. Cox process. In this subsection we show that the two-dimensional point process associated
to the return value process (1.1)) defined for i.i.d. random variables form a Cox process, which we
describe below.

Definition 1.4. Let E be a metric space. A Cox process on E is a point process on E such that
its distribution is a mixture of Poisson processes. In particular, its random intensity measure
A defined on the state space E (e.g. R? or [0,00)) is given by the following:

e a random measure A is drawn according to some distribution.
e Then, conditional on A = A, the point process N is an inhomogeneous Poisson process with
intensity measure .

In simple terms, a Cox process is a doubly stochastic Poisson point process. It was first properly
described in (hence named after the author of) [Cox], and is well studied for a wide range of applied
problems including biomathematics and flock modelling. We refer to |[LP) §13] for a thorough
discussion of its various aspects of statistical properties. The Cox process is also particularly
relevant for our return statistics governed by dynamical systems: the point process for a hitting to
a small neighbourhood of a fixed initial condition converges weakly to a Poisson process (see
below), then heuristically, varying the initial position causes the ‘double’ stochasticity.

The Laplace functional of a Cox process is

E [e*fng} :E[exp<— /E(l —eg(z))Ax(dz)ﬂ , (1.8)

for all non-negative continuous ¢ on the state space with compact support. By [Kal, Theorem 4.2],
to prove convergence of point measures associated to stochastic processes, it is enough to prove the
convergence of Laplace functionals for such test functions. Then we can recover the convergence
described by via the following computation.

Proposition 1.5. The point process

n

Ny = Z 6(j/n,Yj—logn)
j=1

Ny = Neow where Neoy is a Cox point process with random intensity measure A, (dtdy) = 2f(x)e Ydydt,
and Ay is drawn with density f(z).

Remark 1.6. Note that we recover the limit in (1.5) by the following:
lmP(M,, — logn < 7) = limP(N,,((0,1] x (1,00) = 0)
n n

= P(Nuoz((0,1] X (1,00) = 0) = / e do I 20 @evdydt (0

We need the following lemma to prove such convergence.
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Lemma 1.7. Let {a;}jen be a sequence of non-negative real numbers. Then, if supjey aj < M for
some M < oo, and %2?21 a; — a for some a € R>q, then

n
. 1 Ll _
lim H <1—aj = lim e n2i=1% = 7,
n—o0 4 1 n n—00
J:

Proof. As |aj| < M for all j, then for big n, there is |a;/n| < % for all j. By calculating the
MacLaurin series of log(1 — t), there is some M’ < co such that for all 0 <t < %,

t
|t +log(1 —t)| = ‘t—t——3—~-‘ < M't?.
Therefore,
u 1 “ 1 1 & 12
— —_ B —_— . , JR— .
logjl_l1 (1 — naj) = jg_l log (1 — na]) = Jé_l aj £ M ]E_l (naj> . g

Proof of Proposition[1.5. We will calculate the Laplace transform of N, as in [R2, Proposition 3.5]
tells us that the Laplace transform uniquely determines a point measure. Let g be a non-negative
continuous function with compact support (without loss of generality suppose the support of g on
the z entry is contained in [a,b) C R>().Then, by independence and identical distribution,

E e /98N] = E | Dimoli/myizlogn)| / (ﬁ]E [emstirmimiosm) g, = xD f(x)de.
i=1

Now we continue to calculate E [e_g(i/ ”’Yi_log”)], which is always integrable due to continuity
and compact support. Let Z, = Y} —logn, then Fz, = P(Z, < z) = P(|X1 —z| > e #/n) =
L fyme o FO)E. SO

on (Z) = e*(z+logn) [f(m- + e*(erlogn)) 4 f(CL' _ e*(erlogn))} )
Therefore,

E [e—g(i/n,Yl—logn)|XO — x] —1—-F [1 _ e—g(i/n,Y1—logn)|X0 = x}
- / (1— e 90/m2)) f7 () dz
—1- / [fz+e7/n) + f(z—e 7 /n)] (1= e 90" )e "d2
n

1
By the Lebesgue Differentiation Theorem, for almost every z, f(x £ e %/n) — f(z) as n — oo,
hence
Ly (t.2)
: - ) — _ —g(t,z —z
nh_)rgonZlAm(x) 2f(x) // (1 e )e dzdt
1=
By Lemma

nh_}ngoE {e_fng"’Xo = :E} = nh_}ngof[ (1 - ;Ai,n> = exp <—2f($) // (1 - e_g(t’z)) e_zdzdt>
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Lastly, applying the Dominated Convergence Theorem,
lim E [e_fng”} = / lim E [e_fng"’Xo = x} f(z)dx

n—oo n—oo

_ / exp <—2 (@) / / (1= emott2)) eZdzdt> f(z)dz O

The beauty in establishing the convergence of N,, is that we can then apply the record-extraction
mappings to IV, and N then apply the Continuous Mapping Theorem after checking the necessary
almost sure continuity conditions, then the analogous formula as can be obtained for the
return process for the i.i.d. process. Especially, the particular proof for deriving such convergence
for record time/value processes does not require conditioning argument. We will formally describe
this in dynamical system context in §

1.3. Hitting problem in dynamical setting. From our observations in the 4.i.d. quantitative
recurrence case, one sees that the proof was based on conditioning on the initial position Xg = xg,
after which the remaining calculations behave like a ball-hitting problem, and we apply independ-
ence among the random variables. Then, using EVL results for stationary processes followed by
integrating over the whole space, one obtains an averaged Gumbel distribution for the partial
maxima process and an averaged-Gamma distribution for the records after normalisation. For
dynamical systems, to convince ourselves that the record values do converge to the conjectured
averaged-Gamma distribution, it is useful and reassuring to verify if the point measures associated
with a hitting process with a fixed reference point still converges to a PRM. Indeed, such result
holds.

Fix a generic & € X and set Yf” = —logd(fix, ), also the partial maximum Mf = max{Y{,..., Yf}
For p-almost every z, {Yf}J is a stationary process, and by Lebesgue differentiation theorem,
np (Yf > 7 + log n) — 2p(x)e”7 if p is bounded. By [HT1, Theorem 2.3, Theorem 3.1], under
suitable mixing and recurrence conditions (the paper in question called them D, (u%k)) and D;(ugg)),

motivated by Leadbetter’s works) satisfied by a wide range of maps enjoying fast decay of correla-
tions, the process

MZE(t) := (M[flﬂ — log n)
converges to an extremal-F' process D (0, c0) (with respect to the Shorokhod J; topology, see [HTT]

§1] for more details) generated by the distribution F(u) = e~2°(®)¢™", Moreover, the counting
measures

Bo =3 Oim Lyeons 3o Vo= D 00uzn/m)
k=1

j=1
both converge in M,(0,00) to PRM with intensity 1/tdt and A[a,b] = b — a respectively. In this
case,

. z . 1 —s
Jim P (Y7 —logn) < s) = lim (Val0,s] 2 k) = 3 e

_ / (kll)'tk_le_t dt = P(T(k, 1) < s)
G 1)

So the normalised record values (that are above 0) do follow a Gamma distribution in limitﬂ

1See Remark for further discussion
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1.4. Statistics of records for recurrence in dynamics. The stationary nature of the prob-
lem can no longer directly facilitate the analysis when we consider the return process Yj(x) =
—log d(T?x,z) for a dynamical system. However, various remarkable progress regarding EVL type
convergence has been made in this non-stationary setting. For dynamical systems satisfying Young’s
condition, [Col, Theorem 4.1]established a formula similar to (L.5), and in [HT2, Theorem 2.3], for
suitable choices of u,,, the number of returns to B(x, e~"") converges to a Poisson-like distribution.
We give a brief introduction to their results.

Let (X,T,p) be a dynamical system over the unit interval with domain of 7' = X C [0, 1] that
satisfies the following assumptions.

(Al) p is a T-invariant probability that has exponential decay of correlations for BV against
L' () observables, that is, there exists Cr,n > 0 for all f € BY and g € L'(u), for all
k e N,

1 / fgoTrdu - / fdp / gdu‘ < Crll v gl ge™™,

where for a function ¢ : X = R, [|¢|lv = [|¢]lec + TV ().

(A2) suppose r = r, =< n~? for some a > 0. Then there exists Cy, By > 0 such that for
Ei(r) :={z € X : d(z,Tz) < r} and all j < (logn)?, u(E;(r)) < Cog’ﬁo. Consequently,
there exists C1, 1 > 0 such that u(E(r)) < C1r#t where E(r) = U;ligl") E;(r).

In the language of [HT2], (X, T, 1) is said to be hyperbolic recurrent if it satisfies (A1) (A2) and p
is an invariant ergodic measure with density p € BV. This implies ||p||cc < 00.

Theorem 1.8. For a hyperbolic recurrent dynamical system ([HT2, Theorem 2.3]) (X, T, ), or a
C? interval map satisfying Young’s condition ([Col, Theorem 4.1]) ,

lim P ( max Yj(z) < 7+ log n) = /6_2’)(9”)67,0(3:) dx

n—00 1<5<n

—7\k
JLIEOIP’ (#{j<n:d(Tz,z)<e " /n}=k)— / Wk)f)e_2p(x)erp($)dx

The above formulas say that the among the first n iterates, the largest log value of return distance
to initial position converges to an averaged Gumbel law after normalisation, similar to the case in
In this paper we wish to obtain a more detailed statistics for returns; in particular, our aim
is to verify limiting laws similar to , which encode information for the record behaviours of
returns. We will now describe the class of maps for which our mains theorem apply.

Notations. We will use the following notations. For a set or an event F, its indicator function
is denoted by 1g. For any real numbers A, B,C, write A= B+ Cif B—C < A< B+ C; for
any sequence a,, denote a, <n~% or a, = O(n~%) if there exists a uniform constant K such that
an < Kn~% for all n large enough, and a, < b, if a, < b, and a,, = by,.

~

2. MAIN RESULTS

We now describe the precise setting of the maps our main results apply to. Let Z be a countable
index set, and P = { P, }qez a collection of subintervals in X with disjoint interiors covering X. We
say T is a uniformly expanding Markov map if

(1) for any a € Z, T, := T|p, is continuous, injective and T'(P,) is a union of elements in P;

(2) there is a uniform constant v > 1 such that for all a € Z, |DT,| > v.
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The repeller of T', denoted by Z, is the collection of points with all their forward iterates contained
in P, namely

E::{xeX T*(z UPforallk>O}

acl
The invariant ergodic measure p in question is supported on Z. There is a shift system associated
to T: let M be an Z x Z matrix such that My, = 1 if T(P,) N P, # () and 0 otherwise. Let ¥ denote
the space of all infinite admissible words, i.e.,

N o= {;lj:(xo,.%‘l,...) EINO :Mxk’zk+1 :1,Vk20}

The natural projection map 7 : ¥ — = is defined by

o0
x =7 (xg,21,...) if and only if z € ﬂT‘iPxi.
i=0
The dynamics on ¥ is the left shift o : ¥ — ¥ given by o(xg,x1,...) = (21, 22,...), then 7 defines
a semi-conjugacy T om = m o o. The corresponding symbolic measure fi of p is given by p = m.ji,
i.e., for all Borel-measurable set B € B([0,1]), u(B) = i (7' B).

Denote P" := \/?;& f7IP, each P € P" corresponds to an n—cylinder in ¥: let 3, C Z" denote
all finite words of length n and for any i C %, the n-cylinder defined by i is

[i] = [io,...,in1] ={y€X:y;=1457=0,...,n—1}.
Then m[ig, i1, ..., in—1] = ﬂ;:& T_jPZ-j =: P;. The depth of a cylinder [i] is the length of i.

2.1. Technical assumptions on (X, T, 1). In order to resolve the issue created by non-stationarity
of our return process due to the independence of the initial position, logically we will require our
system to exhibit fast decay of correlations so that the return process Yj(z) = —logd(x, T'z) re-
sembles an i.i.d. sequence after relatively few iterates. In order to make sure the records do not
accumulate, we also need to require the set of points that returns to a small neighbourhood of
themselves is not very large so that records do not accumulate in a small time interval near 0
after rescaling. Therefore, in this paper, we would focus on systems that are hyperbolic recurrent
(see as (Al) and (A2) are natural candidates of assumptions that meet our requirements. In
particular, implies the following ‘averaged’ version.

Lemma 2.1. Let (X,T,pn) be a dynamical system satisfying |(A2) and p € BY. Then for every
rn Sn7t,

~Y
(logn)?

nf D (B VT B ) (0 & !

~logn’

Proof. For each j < (logn)?,
/ (B(¢, ) NTB(C,mn)) // Lp(crn) (@) - 1) (T72) dp(x) dp(C)
~ [ | 15600 L (T 0)| duto)

where the second line follows from Fubini. Notice that

15 (@) 1pcrm) (T72) = 1) (O1p@im) (€),
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so the inner integral equals p (B(z,r,) N B(T?z,7y,)). The intersection is non-empty only when
x € E;(2ry), and in this case we can trivially bound p (B(z,7,) N B(TVx, 1)) by pu(B(z,m0)) <
since ||p|looc < 0o. Then, by [(A2)| we can bound the original integral by

/M(B(Cﬁn)ﬂTjB(C,Tn)) dp(C) < /E o )M(B(%Tn))dﬂ(w) St
i (2rn
1 as By > 0, for all n large enough,

1
n(log n)zrﬁﬁl = (log n)2n_50 < 1 .
ogn

Summing over j < (logn)?, for r, < n~

O

The next two assumptions will be helpful to prove the rate of convergence of point measures
associated with the process Y. The first one is on the invariant density p and the second is on the
corresponding symbolic dynamic of (X, 7).

Condition (LC). The density p is said to satisfy (LC) if there exists a closed set Xy C X with

1(Xp) = 1 and a uniform constant C, such that for every point x € Xy, for all |h| small enough,
Cp

| log [A]|

lp(z +h) — p(z)] <

One will see as the proof proceeds, that the logarithmic part of the assumption will only be used
once to overcome a technical difficulty regarding convergence rate. If the proof techniques are
improved to bypass such difficulty, then the logarithmic continuity can be removed.

Condition (Al+). Say p is exponentially 1-mizing if there are Co,n’ > 0 and a monotone de-
creasing function (k) < Coe ¥ for all k € N, such that the corresponding symbolic measure m
satisfies: for all n,k e N;ie ¥, and j € ¥* = Ul21 i,

(i) N o~ ("M j))

ZETTI

The v-mixing condition is rather strong, in the sense that it implies ¢-mixing, S-mixing and other
weaker mixing conditions. However, it is satisfied by a wide range of interval maps with a Gibbs-
Markov structure.

2.2. Main result. Similar to § define the partial maximum A; := max{Yi,...,Y;} and the
normalised partial maximal process

M (t) :== My, — logn = 1§Hj12f;t] —logd(T?z, ) — logn.

Recall from §1|the definition of 7. It is obvious that Y;, —logn = M, (7 /n). Also define the point
processes

Ry, = Zdj/n Lysmay Ve= ZdMn(Tk/”) 21)
=1 T’“

Theorem 2.2. Assume that (X,T,p) is a piecewise uniformly expanding interval map that is
hyperbolic recurrent, and satisfies|(A1+) and (LC). Then

(1) R, converges weakly to a Poisson random measure R on (0,00) with intensity 1/tdt, and
(2) Vi, also converges weakly to a Poisson random measure V on (0, 00) with intensity measure
Avia,b] = (b—a).
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The above theorem is a consequence of the following:

Theorem 2.3. Under the assumption of Theorem[2.3, the point process

n
Ni =Y 0(i/n,y;~togn)
j=1
converges weakly to aN on (0, 1] xR with random intensity measure given by A, (dydt) =
2p(x)e " Ydydt, while A, is drawn over x € X with density p(x).

As far as the author knows, although the rate of convergence (with error < 1/logn) is not directly
derived for the distribution, our result is still one of the few quantitative statement in the literature
of dynamical extreme value theory, and is first in establishing a relation between return process
and the Cox process. To upgrade to a genuine rate of convergence of the laws may require other
techniques such as Stein’s method using characterising equations. We also make the following
remarks.

Remark 2.4. (1) For intuition, conditional on the initial point =, the limiting point process is
Poisson with intensity 2p(x)e™* dt dz which coincides with the hitting result in [HT1], then averaging
over the initial point therefore produces the Cox process which agrees with the main theorem [HT2].

(2) One may be tempted to conclude, as a consequence of Theorem that for fixed k, the k-th
record also follows a T'(k,1) distribution. Indeed, by Lemma the probability of having more
than k records in the interval [0,7] is

P(V,[0,r] > k) — P(I'(k,1) <r).

This is consistent with §[1.1. This appears to be unreasonable: for any fized k, the ordinary k-th
record is almost surely finite, hence the normalisation Y, — logn goes to —oo as n — oo almost
surely. The correct way to interpret the main theorem is: the k-th record above the logn threshold
has a T'(k,1) distribution. In other words, if we set

Jni=#{j <n:Y;>M; 1 and Y; <logn},

then for any k € N, P (YTJ”M —logn < 7‘) — P(T'(k, 1) < ). This interpretation is consistent with
motivating results in i.i.d. setting, and reflects the convergence in vague topology: such topology
only requires convergence for test functions with compact support, hence the values diverge to —oo
after recentering are simply not seen by the test function.

(3) By [R2, Proposition 4.12, Proposition 4.13], for the i.i.d. case as in § as a consequence
of [R2l, Proposition 4.11], the Continuous Mapping Theorem [Kal| and embedding into a extremal
process, for almost every x,

log 7% log(Tg — Tk—1)
k

Due to the strongly dependent nature of our dynamical process, the analogous almost sure statement

has yet been derived because explicit error bounds of convergence rate are hard to obtain. But it is

very possible that these formulas hold. Especially, if there is a way to upgrade the rate of convergence

(currently at 1/logn) of Laplace functionals to a stronger estimate (so that the error terms are

summable in n), then one may be able to apply Borel-Cantelli arguments.

— 1 and

1. (2.2)

3. EXAMPLES

We give examples of interval maps that satisfy the assumptions for our main results. In particu-
lar, these maps have the Gibbs-Markov property hence the corresponding symbolic dynamics is a
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subshift of finite type or full-shift on countable alphabet, and the corresponding invariant measure
f is the unique Gibbs equilibrium for the geometric potential —log |T” o 7|. [ is ¥-mixing [Bow].
Condition (A2) can be verified by [HNT) Lemma 3.4]E|

Example 3.1 (Doubling map). Let T'(x) = 2z (mod 1) be the doubling map, and p = Leb. Then
this map satisfies all assumptions.

Example 3.2 (Finitely branched Gibbs-Markov maps). Let T : [0,1] — [0, 1] be an interval map
with finitely many branches with the Gibbs-Markov property (see the precise definition in [HNT]),
and suppose T on each branch is C'*®. Let i be the unique ergodic T-invariant measure absolutely
continuous with respect to the Lebesgue measure, then p also has the Gibbs property. It is well
known that maps of this kind are hyperbolic recurrent [HT2], and satisfy [Bow]. Within
each cylinder set, the invariant density is Lipschitz, hence as the boundary points of cylinder sets
are countable, |(LC)| also holds.

Example 3.3 (Gauss map). Let G(z) = 1 — | 1| be the Gauss map and ¢ the Gauss measure

1 xX
log 2)(1+x
entation is a full-shift on natural numbers, the equilibrium with respect to the geometric potential

—log |G’ o 7| is a Gibbs measure hence satisfies Condition can be easily verified for
every z € [0,1].

with density 555) (x) = i )dac. This system is hyperbolic recurrent, and its symbolic repres-

4. PROOF OF THEOREM [2.3]

The main tool to verify the convergence in question is by checking the convergence in the Laplace
functional. In accurate terms, for N, = Z?:1 d; /n,Y;—logn), We Will check the following convergence

lim E, {effng"} =E, [exp(— //(1 — e 92 9p(z)e > dzdt)}
n—00
= /exp (— /(1 — e 902 9p(z)e? dzdt) p(x)dx
for every non-negative continuous function g with compact support. Then, by [R2], Proposition 3.5],

as the Laplace transform uniquely determines a measure, the desired convergence result holds. The
major difficulty comes from the non-stationary nature of the random point measures { Ny, },,, which

(4.1)

are defined over return distances, so the precise calculation of E,[e™ JgN ] can be very complicated.
Standard extreme value theory setup including Leadbetter’s D and D’ conditions (even the non-
stationary version derived by [FEV] as a dynamical adaptation of Husler’s condition) are not
applicable for this point measure. Instead, we introduce an auxiliary point measure whose Laplace
transform is easier to compute, and is useful in approximating that of N,

4.1. Spatial-Temporal partition. The partition and related methods used in [HT2] will be handy
for decorrelating the initial conditions. Let U,, = {Ag}r be the partition of X using intervals
A (with disjoint interiors) of length 1/m and with centre (j. It is obvious that #U,,, = m, and we
choose

m =n'"?" and set § = |A|/2.

Let r > 0. For each A € U,,, set
Ag:={yeX:dyA)<r}, AT :={ycX:dy,A) <r=+d}.

2The statement of [INT} Lemma 3.4] is a bound for the Lebesgue measure of E;(r) sets, but since we will take p
which is an acip, the upper bound holds with the same exponent for u(E;(r).
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4.2. Approximation of Laplace functional by auxiliary point process. In order to prove
the convergence of the Laplace transform, we first need to approximate the behaviour of N, via
some auxiliary point measures. Let U,, be the partition described above, for each A € U,,, set

N ; .
Y7 (z) :== —logd(TVz, (), where ( is the centre of A.

Let
n
AL
Ny = Z 5(j/n,YjA—1ogn)'
j=1

In comparison to the process N,,, which is of our main interest and related to the returns, N2
corresponds to the hitting process to the A-component. We then define our auxiliary point process:
let N, be a random point measure such that we

o draw A € U,, with probability pu(A);
e then draw z € X according to u.

Note that N,, is still simple. Occasionally, abusing notation, we may write N,, = 3 Acth, pw(A)NA
(abusing in the sense that A, p(A)NA in its literal meaning is not a point measure, since its
values may be non-integers).

Our first goal is to show that the Laplace transforms of these two point measures are asymptotically
equal with an error term of order 1/logn. Namely, for each non-negative, continuous function
g : R — R>o with compact support,

En(g) = E,u {e_fngn] = /e_fng"dlh

AEUM,

We aim to show limy, |£,(g) — L, (g)| — 0. By the Mean Value Theorem, |e=* — e¢*| < |u — v for
all u,v > 0, since g is non-negative,

E, [/gdﬁn - /ngn] < Ln(9) — Ln(g) <E, [/ngn - /gdﬁn} .

Thus it suffices to prove the following proposition.

Proposition 4.1. Let g : R — R>¢ be a non-negative continuous function with compact support
and Ny, Ny, defined as above. Then if (X, T, u) is hyperbolic recurrent,

EH[/ng—/gdﬁn

Remark 4.2. When verifying the convergence of the Laplace functional for N5 for any A € Uy,
it is enough to restrict to C' non-negative test functions. This is because C' non-negative test
functions are dense: for any € > 0 and any g a non-negative continuous functions with compact
support K = [a,b] C [-D, D] C (0,1] x R, there exists g. > 0 that is C' and supported on K, such
that ||g — gelloo < €, hence

/ gdN5 — / g-dN2

for some 0 < D < oco. Taking expectations on both sides,

E, [N ((0,1] x [=D, D))] < nu(B(¢, €” /n)) < 2¢P||plloc < o0,

1
] < . (4.2)
logn

< eNR(K') < eN2((0,1] x [-D, D])
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where ¢ is again the centre of A. This inequality does not depend on A and € was arbitrarily
small, hence for any g non-negative continuous function with compact support, for any A € Uy,

E. [e_fngvﬂ can be replaced by a Laplace functional of a C' function with arbitrarily small cost.

The same argument applies to N, as well: by Lemma below and assumption (A2),
n
E,[Nn((0,1] x [-D,D])] <> Ej(e” /n) Sn™% 4+ neP /n < .
j=1

Lemma 4.3. For (X, T, u) a hyperbolic recurrent system, for j > (logn)? and r = r, < n~1,

(B (ry)) <36 e 18 L o) p|2 (r+6) Sr<n . (4.3)

Proof. For each A € Uy, if x € Ej(r) N A, then d(T7z,() < d(T7z,z) + d(z,¢) < r+ 4. In other
words, z € Ej(r) N A implies that 1a(z)1a+(77z) = 1. Hence, using decay of correlations (A1)
and boundedness of the density p, as ||1a|lpv < 3,

<y /IA IntoTidp< > </1Adu/1A+ dp+ [ 1allpvTa+]iwe m)

AU, AeUm
<307te ™+ D p(A)u (AT) < 67em 1B 4 9)p|12 (r + 4). O
AeUm

Proof of Proposition[{.1. Let g be a C! non-negative function with compact support. Given Uy,

we have
[oanu(a) - [gaf,@

=) 1a Zg (j/n,Yj(x) —logn) — > Zu g (j/n, Y (x) —logn)

A€l AUy j=1
=) 1a Zg (j/n,Y;(x) —logn) — g (j/n, Y} (x) — logn)
AeUm
+ > (Aal@) = u(A)D g (i/n, Y (x) - logn)

AEUn, =1

=:Erry, 1 + Erry, 2.

Note that E, Hf

many of the g(j/n,-) terms are 0 unless T7x is either really close to the initial condition x, or the
centre ¢ of A. This naturally allows us the to bound these error terms by restricting = on Ej(ry,)
sets with 7, < n~1.

N, } < E, [|Erry1|] + E, [|[Erry 2|]. Because g has compact support,

Step 1. We first estimate E,[Erry, o]. Let
Dy () 1= 9 i/, ~log (d(-,0)) ~ logn).

Without loss of generality, suppose the support of g in its z-coordinate is contained in [a,b], and

recall that r,(z) := “—,

¢ (T9x) # 0 when d(T'z,¢) € |e™®/n, e‘“/n} =: [rn(b), mn(a)].
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This gives
H@%Hum < [lglloo - 1 (supp (7)) < llglloo - 1 (B¢, mn(a) -

Since the density p= dL ; € BY is bounded, we can conclude that Hqﬁ iz S n~! Also, in order

~

that 1a(x)¢5 ' (z) # 0, we must have d(T7x,x) < e %/n + 4, that is, z € E; (rn(a) +0).
By assumptions (Al) and (A2),

n

Z/]-A Z%;TJ ) dp()

A€Um
(logn)?
N ECECETEED oy ECIS BT
- ogn 2
<CoftornPlglclral@+ /0 + 3" S° [ adn [ 62+ Orlitallsviod e
A€lUm j>(logn)?
<Co(log n)*[|glloo(ra(a) + 6) + > ' Cr3lglon ™8™ + Y w(A) D lorilLiw
A€Um j>(logn)?
Then,
(logn)?
E,[Erry, o] SCo(logn)zHgHoo(rn(a) + 5)60 +n?tP CT3H9Hoon_nlogn - Z Z A)llén JHLl
AUy j=1
/ 1
<(logn)2n=Po 4 p2+F pnlen _ (logn)2n~t < Togn’
n

Similarly, by completely ignoring the first (logn)? iterates in > 1a Z?:l ®n,j, we bound the ex-
pectation from below by

(logn)?
E’M[Errn’ﬂ Z o Z M(A) Z H¢"%JHL1(N) + n2+6 CT3Hg”ooTL_7710gn
AEU, j=1
2= > n(A)(ogn)n =0 n " 2 (logn) !,
AEUm,
We therefore conclude that lim,, o |E,[Err, o]| = 0 with an error term uniformly asymptotically
bounded by loén'

Step 2. Next we treat Err,, ;.
Fix A € Uy, recall by definition, for all x € A, d(z, () < d, hence by triangular inequality, for all j,
|d (2, T72) — d(T92,¢)| < d(x,¢) < 8 =n~ 0+, (4.4)

Ifd(T7z,¢) > ry(a)+6 then d(TVx, z) > ryp(a) hence both g(j/n, Y;j(z)—logn) and g (j/n, YjA — log n>
are automatically zero. Similarly if d(T7x,() < r,(b) — & then both g terms are 0. So neither of
g(j/n,Y; —logn) and g(j/n,YjA — logn) is automatically zero, for all j = 1,...,n, only when

d(T?z,x) € [rn(b) + 0, rn(a) — &]. In this case, |d(TJZZc%JngI’C)| < 4)715,1/2 < 2ebn=F". As for all z
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small, by Taylor expansion at 0 we have the rough upper bound |log(1 — 2)| < 2|z],

ATz, z) —d(T?z /
Y5(0) oz (V) ~ o] = g (1 - AR EAEEO N cacnr
Define
nlg) = sup{lg(t,u) — g(t, )] t.u,v € supp(g), fu—v] < ¢}, (1.6

as ¢ is C! and has compact support in z coordinate, w(g), < £. Also define the sets

) —b —a
AP = {:p eA:d(T9z,¢) e [e NI - 5} }
n n

—-b —-b —a —a
Ashell {xEA d(T?z,¢) € [6_257€+5] U [6 _(5,e+2(5]}
n n n
Note that

° A}’un‘ C Ej(ru(a)) NA, Uacu,, Aj»heu C Ej(rn(a) + 36);
° A?ulk N A;hell — @;

® g ‘A\(A?ulkUA;hell) = O;
e For any r < ro, let A((,r1,7r2) := B((,r2) \ B(¢,r1). Then

Lasher =12 (LaCr(@)=brn(@)+26) Y LACra(0)birn0)+5)) © T (4.7)
Let us reduce the cumbersome notation above by defining

A,(Ca a, b’ 6) = A(Ca rn(a) - 67 rn(a) + 25) U A(Ca rn(b) - 67 rn(b) + 6)
By boundedness of the density p

p(A'(¢,a,0,8)) = p(B(C ra(a) +26) \ B(¢,rn(a) = 8))+u (B(C, (D) +28) \ B(¢, 7 (b) — 5))(;? 5)'
8

Using both (A1) (decay of correlations) and (A2) (estimate of short returns), and the invariance of
1 together with (4.8)),

(logn)

Z Z / 1Ashell du = Z Z / 1Ashe11du + Z Z / 1 psnen dp
AEUm j=1 AUy, j=1 AU, j>(logn)? !
<E(togmy2 (rala) +38) + Y Z (M(A)u (4'(C,a,b,0)) + 36*77(10%”)2)

A€Um j>(logn)?
<n P 462 + n—n(logn)Q) <P 4B

/

Therefore,

Z Z/ 9(j/n, Yj(z) — log”)—g(j/n73/jA(I)—logn)\dﬂ(x)

AEZ/[ 1 shell
J=

<oyl Y / g die S 1 407"

AUy, j=1
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For any fixed j and different A and A’ € U,,,, Abulk N A;b‘ﬂk =@, and

/ Z Z].Abulk ‘g (4/n,Yj(x) —logn) —g(j/n,YjA(x) —logn)‘du(x)

A€Upm j=1

<Z/ g(j/n,Y;(z )—logn)—g(j/n,YjA(:U)—logn)‘

Uaetin Ab““‘

= (/) ) ( U A?““‘) < Wyap-p (9) Y 1 (Ej(rn(a)))
=1

j=1 A€Um

By (A2) and (I3),

Zu ) < Cilra(@)® +n (367105 4 2| pl|2 (ra(a) +6) ) < o0

Lastly, combining all the error estimates and use the fact that ¢ € C' so that Wyebp—p' (9) S n?,

Eu[[Errn]] /Z ZlA )|9(i/n,Yj(x) —logn) — g (j/n,Y{*(z) — logn)| du(x)

AUy, j=1

O

i / 1
S w9 S 4 S logn’

4.3. Limit of Laplace functional for the auxiliary process. It remains to show that the
Laplace function of NV,, does converge to the desired limit with a similar rate, i.e. in the form of
(4.1). Especially, we will show that the Laplace functional of the sum over NnA for converges to
that of a Cox process. Almost all quantities in the following section are defined with respect to
some point ¢ € X. When an object has A as a superscript, it means the relevant point ( = (a is
the centre of a partition set A € U,,. Otherwise, it is an arbitrary ¢ € X.

Proposition 4.4. Let g be an arbitrary non-negative C' function with compact support. Define

W9_(¢) —exp< // —e 9“2 2p(()e_zdzdt>.

Under the conditions of Theorem 2.3,
_ 1
> uA) [B[e o] - e (a)| S (4.9)

logn’
AeUnm &

where (A is the centre of A € Uy,.

We will again prove this proposition in several steps. Fix g a C' non-negative test function such
that supp(g) C (0,1] x [a, b]. First, approximate g by simple functions. Fix K € N and let

O=thr<th1 < ---<tg=1
be a partition of equal length over the support of ¢ in its ¢ coordinate. Similarly set
a=zp<z1<---<z=b,

which is a partition of the z-support and without loss of generality is assumed to be contained in
[a,b]. Set

Ik:{je{l,...,n}:ie[tk1,tk)}. (4.10)
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With the above partition, we prove the following error bound.

Lemma 4.5. For g = g;, defined as above, for every A € Uy,

[ [e /7088~ [e £ 2] | S ma { 7. ). (a.11)

Proof. By C' and compact support, || D(g)|lso < 00, so using the Mean Value Theorem,

1 1
t,z) —g(t < ||D o
suplg(t.2) = 3(t,2)) < D) { 7.}

Then up to a uniform constant depending on g,

[, [eI7092] b, [e S 29%2] | < e, | [ gand| - B, | [3ane]
<max{]1; ;{,} (C,e_“/n))<max{i ;{} 0

We choose K = L = logn, so the error between their Laplace functionals is of order 1/logn, then
compute E, [e*f gaNgR } . Define the annuli

<max{; ;(}E [NA([a,b])]

e
A(Q) = B(G,ra(z-1)) \ B(G,ra(21)),  ral2) = —
hence the counting variable
My k1 = ZlAz ,foreach 1 < k<K, and1<I<L,

JEIk

where I, = {j: j/n € [tk—1,tx)}. Then,

n

[ 50N @) = 325 (5/m VP @) ~ 1ogn)

W.
=

> glth-1, -1y 0 (/M1 2 (Y (2) — logn)
j=1

I
M-
1 T

I
M=

g(tr—1, Zl—l)MnA,k,l(x)

~
Il

1

b
Il
—

Hence E,, [e_ fﬁdNnA] is a function of the random vectors <MnAk Iree- ,MnAk L)'

Define the total variation metric dpvy: for two non-negative integer valued random variables, X Y,
1
arv(£(X), £(Y)) = 5 3O [B(X = k) = B(Y = F)

where £ denotes the law (distribution) of a random variable. In particular, if the two random
variables are defined over the same probability space, then dpv(£(X),L(Y)) <P(X #Y).

Below we also recall a multivariate Poisson approximation theorem from [Bar, Theorem 1], de-
veloped from [LCam].
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Theorem 4.6 (Multivariate Le Cam’s Poisson Approximation theorem). Let X1,..., X, be in-
dependent Bernoulli random d-vectors such that P(X; = ¢;) = p@

J
coordinate unit vector. Let p; = Zgzlpy), then

drv (ﬁ (ZH:XZ> ,,C (Zl7 ey Zd)>
=1

where Z1,...,Zq are independent Poisson vectors, such that

n
Z; ~ Poi Zpy)
j=1

, where €; represents the i’th

IN

n
.7
j=1

The main idea towards proving Proposition is via coupling the locally defined point measures,
NnA, with Poisson random variables via the total variation metric. More precisely, we will slice
the time window into blocks of size (logn)3, separated by some gaps, then apply the decorrelation
argument. The stronger type of mixing (Al+) is needed as we need to deal with decorrelate the
events of hitting to annuli sets between each blocks, and (Al) is not sufficient as some of the
indicator functions after composing with the dynamic 7' can have large BV norms.

Lemma 4.7 (Space-time Total-Variation approximation). Under the conditions of Theorem

1
Z w(A) dry (£ ((MnA’k’l)lgkgK,lglgL) L ((ZkA,l)lgkgK,lglgL)) < e
AeUnm

where (A is the centre of A € Up,, and the random variables Zy,; are independent Poisson random
variables with parameters

2
et = 20(Ca) (t — tir) / o de.

Rl—1

Proof. Proof of this lemma splits into four steps, with similar ideas used in [CC], namely coupling
the relevant random variables with independent Bernoulli-like random variables.

Step 1: Breaking into gaps.

We write b, = (logn)3, £, = (logn)? and ¢, = b, + £,, and set k,, = {ﬂJ . We then partition

Cn
1,...,n into blocks

Bi={(i—1Dep+1,...,(0 — )y, + by}, 1< < ky,
with gaps of length ¢,, between consecutive blocks. For 1 < k < K and 1 <[ < L. Let ( € X,

define the block counts ‘
Siki = Z 1,0 (T ).

jeB;NI}

Thus we can write
kn

M, 1 = E Sikt + Ry ks
i—1

where Ry, j,; = ngéu‘-“ngi 17,(j)1 4,0 (T72) and I, as in (4.10).

Let RE™ := > ki Bk, and summing over &, [, we have, uniformly in ¢,

Z]EM[Rn,k,l] < Z Eu[lB(C,rn(zo)) © T]] S, kngnnil <
it JEU; By
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Hence, summing over all centres (a,

1
Z M(A) drv (ﬁ ((M€k7l)k,l) L ((ka,l)i,k,l)) 5 )
= logn

(4.12)

Step 2: At most one hit within blocks.

Fix ¢ € X, suppressing the notation dependence on ¢, we set N;(() = Zszl Zlel Si k1. Since the
annuli sets A;(¢) are disjoint and (J; 4;(¢) C B((, rn(20)),

{Ni(Q) 22} {355 TP, Tz € B((,ral20))}-
By Markov’s inequality

PV 225 S n(Bm(o) NTU B ra(a0)))

J.3'€B;: j#5'

We will bound the averaged probability of having more than one hits to any of these annuli sets
within each block B;, i.e.

kn kn
DoouA)Y BNS=2)< Y ouA)) Y. E, [lB(cA,m(zo»OTj'lB(cAmZo))Ole

AU, i=1 A€l i=1 j,j'€B;:j<j’
We split the sum according to whether j' — j < £, or 7/ — 7 > £,.
Short returns: ;' — j < /,.
For fixed ( ,

> n(Baralz0) N T DBC r(x0) ) < b Zu( (Gralz0)) NTHB(C al20)))
33" €B;
0<j'—j<ln

Summing over all k, blocks of digits and averaging over A € U,y,,

Sl Z S (B ralz0) N T B, a(20)))

AeUm = ,j 'eB;
0<y’ —j<€n

< knbn > p Zu (Carmn(20)) N T B((a,mn(20))) -
A€Um
The function ¢ — ZJ L1 (B(Cmn(20)) NT 7 B(C, m(20))) is Lipschitz with constant < £, ||p||co-

Hence by mean value theorem, the Riemann sum over the partition U, of diameter § = n~(+5)
satisfies

tn
> ul ZM( (Ca,mn(20)) ﬂT*kB(CA,Tn(Zo)))
=T k=1

= /;“ (B(Cra(20)) N T B(Ca(20)) ) dp(Q) + O ((logn)n= (4.
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By Lemma [2.7]
ln
k 1
AZU ma) 3 (Bl rala0) N T B(Casraa0)) § 1o

Multiplying by k,b,

S ul Z S (Bl N TV DB () S s (413)

~ logn
A€Um = j 'eB; &
0<j'—j<ln

Long returns: j' —j > /.
For any fixed ( € X, by (A1) decay of correlations,
(B ra(z0)) N T™T B, a(z0)))

< 1(B(G:a(20)))” + CT I Lp(c.ma con |8V I LB o 1 iy ™" .

Since 1(B(¢,mn(20))) St and |1 2o lBv S 1, this is uniformly (in ¢) bounded by n™=2 +
n~te=m'=7) Summing over at most b2 pairs within each B; block and averaging over A € U,,,

kn
S )Y Y u(Blaralzo) TP BCa ()
AU, i=1 j<j'€B;:j —j>Ln (4-14)

< kb2 (nfz + nflefn(log"F) < (logn)*n~1.

Combining (4.13) and (4.14)),

Sl Z]P’ > L, (ogm)® o 1 (4.15)

f=rit log n n logn

Now define the random % x [ vector SZ-A = (Sfm)k’l, and set [3? = SiAl{Ni(gA)gl}- Then BZ-A takes
values in

{O}U{ek,lilngK, 1§1§L},
where e;; denotes the corresponding coordinate matrix. By the coupling characterisation of total
variation,

—_

Y uA)dry (L((SP)), £((B2):) <

AeUm

4.16

Step 3: Decorrelation of the block variables. Let 3; denote the random variable with the
same construction as above, only substituting an arbitrary ( € X for a centre of a partition set
(A € A. We will show that, uniformly in ¢,

dTv< (Buy- - Bra)s ®wl> (logn)n™>. (4.17)

The decay of correlation condition (A1) is not quite enough to prove because the indicator
function of 1{3; = s} may have very large BV norm. The main tool to bypass such difficulty is
symbolic coding and using cylinders to approximate the annulus sets A;(¢) by finite-depth cylinder
unions. Then, we can apply the mixing property which takes account of all events in the relative
sigma-algebras.
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Step 3(a): Cylinder approximation of the annuli.

The following technique is inspired by [BJK]. Let Z be the Markov partition of 7" as described at
the beginning of § [2| and let Z(") denote the partition into cylinders of depth m. By the uniform
expansion assumption there exist constants Cy > 0 and v > 1 such that

sup diam(I) < Cov™™, m > 1,
Iez(m)

and the invariant measure p has a bounded density. For v > 0, consider the stopping-cylinder
partition

W(y) = {I e 70 . diam(I) < ~ < diam(f_)} :
where I_ denotes the corresponding parent cylinder obtained by deleting the last symbol. It is easy

to see that W(v) is a partition of the repeller. Moreover, there exists m(y) = O(log(1/v)) such
that the symbolic representation of every cylinder set in WW(~) has length at most m(~y).

For each annulus set A;((), define its inner approximation by

An(Q) = U I, Yo =175,
IGW('Yn)
ICA(C)

Although this union may be countably infinite, any cylinder set appearing in A;,,(¢) is determined
by the first m,, symbols in 3, where
my = m(y,) S logn.

Since each A;(¢) has a uniformly bounded number of boundary points, every cylinder contributing
to 4;(¢) \ Ai»(¢) must meet one of those boundary points. As each stopping cylinder has diameter
at most 7,, boundedness of the density p yields

1 (A (O AAR(C)) S Yns

uniformly in ¢ and [. Write BZ.(n) for the block vector obtained from B; by replacing every indicator
1a,¢)© T7 by 14,0 © T7. Since L = logn, invariance of x4 and the union bound give

I (3]' <n, 1< L 1y(Tx) # 1Al,n(<)(Tj~’U))

n (4.18)
<Y Y (A AALL(C)) < Cry L S (log n)n ™.

Jj=11=1

Step 3(b): Decorrelation of the approximating block variables. The elements in each
approximating target set are determined by at most m, symbols. Write G} as the o-algebra

generated by the set oP(C,), where C, is the set of ¢g-cylinders. The approximating block vector Bi(n)
takes values in the finite set {0} U {ep;:1 <k < K, 1 <[ < L}, and is measurable with respect to

Fy= GEtbntmn sy = (i — 1) (b + ).

Consecutive g-algebras are separated by
Wy =y —my — 1< (logn)Q.

Let
kn

Li=LB",.... 80" e & L"),  0<i<kn.
J=i+1
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Then Ly = ®§ll E(ﬁj(.n)) is the product of the marginals and Ly, = £(ﬁln), e ,ﬁ,g:)) is the joint

law.

Fix 1 <i <k, and a bounded test function h with ||h|/s < 1. Define

(B, B =Eg m) [h(ﬁ@,...,55");5§1)1,...,5,§Z))] .

J>i J

Then
Belh) = [@do(a,. 60, o= [@d[eE.... 60 @ L")

The two laws differ precisely by the correlation between the o-algebras A’fl = a(ﬁ%n), . 1(7_1)1)

and A! = a(ﬂi(n)). These are generated by cylinder sets separated by w,, symbols, so the -mixing

condition [(A1+)| gives
doy (L0877, B0, L8, B @ L(B)) < p(w) e 008,

Since || ?]|o < 1,
‘Eﬁi [h‘] - Eﬁi—1 [h‘H < w(wn),
and taking the supremum over h yields

drv (L, Lim1) < h(wp) Sn.

Summing over ¢ and applying the triangle inequality,

kn, kn
dw<§w@wnﬁ$%@§a@%>g}jwwg¢¢osmmmmsn2. (4.19)
i=1 =1

This estimate is uniform in (.

Step 3(c): Transferring back to the original block variables.

By the triangle inequality,
kn

drv (ﬁ(ﬁl, ooy Brn)s ®£(5i)> <Ty+Tr+ T3,

=1

where

Ty == dry (E(BL B LB ,ﬁ;g?)) ’

kn
T2 = dTV <£(/B£n)7 o 7B](g:))7 ®‘C(67,(n))> )
i=1

kn kn
R:m«®MW&®am>
=1 =1

Bound on Ty. The two vectors differ only if, for some 5 < n and some [ < L, the orbit hits the
symmetric difference 4;(¢)AA;,(¢). Hence, by (4.18)),

T <p <3j <n, I<L: 1y0(T7z) # 1Al,n(<)(Tj90)> < (logn)n™2.

Bound on Ty. This is the mixing term, bounded in (.19): 75 <n~2.
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Bound on Ts. For products of marginals, the total-variation distance is bounded by the sum of the
marginal distances:

kn kn
o <> drv (C8™), £(8)) < Do (8™ # ).
i=1 1=1

Each §; depends on the orbit over the block B; of length b,. The two differ only if the orbit hits a
symmetric difference at some time in B;. Hence

n(B £ 8) < Y Zu (A1) A4 (C)) < bnLCn.

JEB; I=1

Summing over i = 1,...,k,, and as kb, <n and v, =n"3

T3 S kn . bn L C’Yn 5 (log n)n_2

, as we chose L = logn,

Combining the three bounds, for any ( € X,

dTV( (B -5 Brn) ®£5z>§T1+T2+T3§(logn)n_2.

Averaging over the partition U,y,,

kn
> A dry <E<ﬂf,---,ﬁﬁ)7®ﬁ(ﬂ?)> < (logn)n 2. (4.20)
i=1

AeUm

Step 3(d): Passage to the sums. Lastly, let Bl, e Bkn be independent random vectors with
B; 4 Bi. As the map (x1,...,zk,)
metric drv, by (4.20))

i () () e

Step 4: Multivariate Poisson approximation. Now, suppress dependence on A € U, again,

— ZZ 1 ®; is measurable and contracting with respect to the

n

define f3; for an arbitrary ¢ € X analogously as in step 3. For each block i, set pgk’l) =P8 = ex,;)

and p; = Zszl Zlel pgk’l). Since a block can contain a relevant point only when 77z € B(¢,7,(20))
for some j € B;, so again by Markov’s inequality, for all 7, up to a uniform constant that depends
only on p and z,

bn,
pi <P Z 1B(C,rn(20 21| < Z g’T” %0 )) N n

jEB; JjEB;
Therefore

n 2o
Y " p? < kypmaxp} < oy S (logn)®
1
=1

n

By the multivariate [Le Cam theorem],

i (log n)?
dTV< <Zﬁz>, Z,ﬁl kl)) Sngﬁ i ;
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where the Zj,; are independent Poisson random variables with

kn
k.l
EZii =AY =Y p.
i=1
We now calculate these means. First, notice that
k,l
P =P(Sip =1, N; 1) =P(Sijs = 1) = P(Sips = 1, N; > 2),

and by the formula E[X] = >>¢ P(X > q) = > 2, ¢P(X = g) for all integer-valued non-negative
random variables,

P(Siky=1) =E,[Siki] — Ey [Si,k,zl{si,k,lzz}] ;

we have
k,l
p EM[SMJ]‘ <E, [Si,k,ll{si,k,lzz}} +P(Siks =1, Ni 2 2).

The latter term is trivially bounded by P(N; > 2) and for the first term, notice that

Sikil(s, >z < Siki(Siki =D = Y LaoT lagoT,
J#§'€Bin,
hence we can bound the expectation of such product by
BulSipt(Sips = DI < Y (7B ml0) N T B m(20)
J#J €B;

which was calculated in Step 2 already. Therefore, summing over all k,, blocks we get

ZE [Si k1]

Obviously, for all k and all [, Ziil Si ke, and M kel differ in at most min{#Iy, k¢, } terms, so
I

[ZSzkl]_ My kal| < <
n

It remains to compare nu(A;(¢)) with 2p(() le e~ *dz. Define

Fo(2,¢) = np <B <g, e;)) . zefab]

where [a, b] is contained in the support of the g in its z-coordinate. Then nu(4;(¢)) = Fn(z1-1,¢) —
F.(z,¢). By the logarithmic continuity assumption [(LC)| on p, uniformly for z € [a,b] and for

p-a.e. ,

(log n)*

Fn(Z, C) = zp(C)eiz + gn(z7 C)’
where |€,(%, ()| < 1/logn. Moreover, &,(+, () has bounded variation:

Var(y)&n(+,¢) S 10;;n
Indeed, bym
et - —6Z[ﬂ(“en)*ﬂ(@‘—en>—2ﬂ<<>]lﬁloin>
Hence
L a L 1
D |t = 20(0) | e = D) = a0 S
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Multiplying by t; — tx_1 and summing over k gives

< 1 .
~ logn

2y
AISZ) —2p(C)(tr — tkl)/ e *dz

2l—1

Thus, if Zj; are independent Poisson random variables with means A\, ; = 2p(¢) (tg—tx—1) [

—Z
0 € dz,
then

drv <E <(Z1$))k,l) L ((Zk,l)k,l)) <> |)‘I(:l) = Akl S
ol

~logn’
This bound is uniform in (.

Combining the four steps for fixed (, and averaging over A € U,y,, for ZkAl each with mean )\kAl

1 (logn)? 1 1
A A < <
Agu: p(A) dry (£ (Mg ki) s £ (Zieka)) S ogn T iogn ~ logn

Proof of Proposition[{.4. Recall the notation convention: a quantity carrying a A superscript is
evaluated at ¢ = (A which is the centre of a partition set A € U,,. One without A is evaluated at
an arbitrary ¢ € X.

For each A € U,,, let Z kAz be the independent Poisson random that appeared in Lemma H with
expectation

i

kn
/\;(&)’A = Zp(k’g)(CA) =P (Sika=1) —P(SHh, =1, N > 2).
i—1

For any two point processes £1, & and any measurable function h on the space of point measures,
[E[A(§1)] = E[r(&)]] < [[hlloc - drv (£(X), L(Y)). (4.21)

Take £; = N2 and & a point process whose law coincides with £((Z kA,e)k,f)’ and set

F(€) = exp (— / gds) ,

for some non-negative C'' function with compact support (hence ||F||o < 1). By Lemma as
N2 is a combination of Mfk b

Z w(A) ‘Eu [e*fngﬂ _E [6— Zk,ég(tk_hzl_l)zﬁq
AU,

< 1 .
~ logn

(4.22)

For independent Poisson random variables Zk,Ae with means A,(Cng) ’A, a standard computation (for

example, see [R2]) gives

E |exp | — Zg(tkﬂ, z21-1) Zﬁg = Hexp(—)\,(sg’A (1 - efg(tkfl’z“l))) .
k.t k.t

Taking logarithms,

logE exp | =Y glte—1, 1) Z8 | | = = Y Ar02 (1 — e_g(tk—l’zl—l)) :
k.t k.l
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By the proof of Lemma uniformly in ¢ € X up to a measure zero set,

/\gche)ZQP(C)(tk—tk—l)/Z ezdz—i—(’)( ! )

ey logn

Applying this at { = (A, substituting into the logarithm of the expectation above, as n — oo, up
to an error term < 1/logn that is uniform in A,

— Z)\,(C?E)’A (1 — e_g(tkfl’zlfl)) — —2p(¢a) Z(tk —th—1) /ZZ (1 - e‘g(tkfl’zl*1)> e *dz.
"t ket Zp-1

The double sum is a Riemann sum for the integral

—2p(Ca) // tz)) e~ dz dt.

Hence, uniformly in A,

1
E = k0 9(tk—1,21— 1)Z8, W9 ‘ o
‘ [ } ()| 3 logn’ (4.23)
For the final step, by the triangle inequality,
> n(d) ’Eu [e=Joave] - \Izgo(gA)(
AU
< Z ’E [ J9dNg :|_E [e_Zk,lg(tk—lvzl—l)Z,ég]
AEUm,
C T o B ) ]
A€Um

By (4.22)), the first sum is < 1/logn. By (4.23)), the second term < @ZAGMM w(A) = @.

Therefore
S n(a) [ [ S0 —wg (o) £ 0
AEUm

Finally, by Proposition the formula E, [e‘fgdﬁ"] = > acu,, HAE, [e_fngnA], and Proposi-
tion we may conclude with the following.

Proposition 4.8. For all C' non-negative test functions with compact support g = g(t, z), for
u-almost every C that occurs as the centre of A € Uy, we have

Tim B, [e~ 1% = / exp( / / ) 2p(:v)e_zdzdt> o) da.

This validates Theorem 2.3

5. PROOF OF THEOREM

We will prove Theorem from Theorem via applying the Continuous Mapping Theorem
[Bil], following the machinery comprehensively established in [R2] §4] and [HTIl §5]. We give an
extremely brief introduction here. Let (M, d) and (M’,d") be two metric spaces, and a mapping
h: M — M’ that is almost surely continuous, which we define below. We call an element £ € M
a discontinuity with respect to h if there exists a sequence {&,},, such that d(&,,£§) — 0 as n — oo
while d'(h(&,), h(§)) /4 0. The map is a.s. continuous if the set of discontinuities has zero p mass.
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For completeness, we can take d,d = d, which is compatible with the vague topology and can be
constructed via the following: take a countable dense base set {f,}, C CL((0,1] x R), and define
the metric by

o0

.

dy(pin, p2) =Y o7 min {1, | (f5) — p2(f)1}-
j=1

It is known that p, — p vaguely if and only if dy(up, ) — 0 as n — oo. Applying the CMT will

then imply that h(§,) LN h(§) for all continuity points. Let us first recall the precise statement of

CMT.

Theorem 5.1 (Continuous Mapping Theorem, [Bil]). Let (M, d1) and (Ma,ds) be metric spaces
and &, & are random elements on (My,B(My)). Suppose that &, — & weakly. If a function h :
My — My satisfies

P (& € {xg € My : o is a discontinuity point for h}) =0

then h(&,) — h(&) weakly as well.

In the proceeding proof of Theorem 2.2} we will take M; = M,, ((0,1] x R) and My = M,(R), where
M,p,(X) denotes the set of locally finite measures on a space X and is equipped with the vague
topology. A notable difference between the results presented in this paper and those of [HT1] is that
we are not seeking to establish a convergence of the partial maxima process M, (t) to a continuous
classical extremal process Y (t) generated by one of the three canonical extremal distribution G
introduced in In fact, it should be clear from [Col] that the distribution of partial maximum
of the return process Y;(z) := —logd(T7x,z) converges in limit to a averaged-Gumbel law with
density g, (z) = p(x)e2P®)z,

The following lemma verifies the conditions for applying the CMT. Define the functions which
retrieve the behaviour of records: let E' = (0,1] x R, and § = >, dy, ,), let

Hy : Mpy(E) = D(R), Hy(&)(t) :=sup{z : t; < t};

Hy : M,(E) — D(R), Hy(&)(2) :=inf{t; : z; > z};

Hy:D(R) » M,(R),  Hs(y):= > b
siy(s™)#y(sh)

Both hy := Hz o Hy and hy := H3 o Hy are functions from M, (E) to M,(R). Our first step is to
verify that hi, hy are almost surely continuous with respect to A.

Lemma 5.2. Let E = (0,1] x R and let N the limiting Cox point process as in Theorem . Let
Dg, Dy be the set of discontinuities for h1 and hy respectively. Then

P(NEDR>:0 and P(NGD\/):O.

Proof. For convenience, we recall the Laplace functional of N/

Ele~ /99N = / exp ( /E (1— e 9E2))2p(z)e > dtdz) p(z) dz,

X
For Borel sets A, B C E, the second factorial moment measure of N is

MP(AxB)=E |Y 1xealix,en | = / Az (A)A(B) p(z)dz. (5.1)

i#] v
where the sum in the middle is over ordered pairs of distinct points dx, = d,2;) € N. The second
identity follows from the Laplace functional with ¢ = \14 + \'1p, then differentiating against A,
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at \,\ = 0. In our case, as A,(dtdz) = 2p(x)e *dt dz, the product measure A, ® A, has density
4p(:n)2e_z_zldtdz dt'dz which is absolutely continuous with respect to the Lebesgue measure on R*.

Define the set of pairs with the same time coordinate:
Diime = {(t,2,t,2/) e Ex E:t =1} C R%.

This set has Lebesgue measure zero in R?, because it is contained in a three dimensional hyperplane
of points satisfying ¢ = t. By absolute continuity of A, ® A, with respect to the Lebesgue measure,
we conclude that

(Az ® Ay)(Dygime) =0 for every x.
Substituting into (5.1)),

M@ (Dyjme) = /X (Az ® Ag)(Diime) p(x)dz = 0.

Define random variable
Se = Z Liti=t;}
i#]
that counts the number of ordered pairs of distinct points of A" with the same t-coordinate. Its
expectation is
E[S;] = M® (Dijme) = 0.
Since S; > 0 is integer-valued, E[S;] = 0 implies S; = 0 almost surely by Markov’s inequality.
Therefore, almost surely, no two distinct atoms of A share the same t-coordinate. The proof for
almost surely no two atoms have the same z-coordinate follows verbatim.

Next, we show that A is locally finite. Let K C E be a compact set, then by definition, as
[plloc < 00

EN(K)] = /Ax(K)p(x)da: < 0.

As N(K) is non-negative, this entails P(NV(K) < co) = 1. To prove local finiteness, take a countable
family of compact sets { K}, such that their union covers E and

P ((ﬂ (N(K,) < oo)}) ) <Y P(N(K,) = o0) =0.

This is sufficient to let us conclude with

PNV (K) < oo for all compact K C F) = 1.

In particular, for every fixed t* € (0,1] and z* € R, we can show that P(N({t*} x R) > 1) =0
and P(N(0,1] x {z*}) > 1) = 0 by direct computation of the expectation then apply Markov’s
inequality. This means there is no accumulation of atoms in either the ¢ or z coordinate, i.e. almost
surely

N{#YxR)=0 and  N((0,1] x {z*}) =0.

By [R2, §4] and [HTT] §5] what we have proved so far is enough to conclude that P(N € Dg) = 0.
The proof for P(N € Dy ) = 0 follows verbatim. O

By Lemma [5.2| we are allowed to apply CMT to conclude that R,, — hy(N') and V,, — ho(N') both
in distribution. It only remains to identify the limiting distribution, i.e. the distribution of hy(N)
and ha(N).
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Proof. Proof of Theorem By definition of N, the law of A has the form P(N(-) < k) =
JP(IL;(-) < k)p(x)dx for all k > 0, where II, is a Poisson random measure on E with intensity
2p(x)e *dtdz (in other words, its intensity measure is Leb x Ag, where G;(z) = 2p(x)e™?). By
measurablility of the map hj, for all Borel subset A C (0,1] (without loss of generality take
A= (a,b])

P((n)(A) <8 = [ BT < Rpla)da (5.2
where by classical results on record statistics via Poisson point processes [RR]EL the number of
points in hy(Il;) on (a,b] is Poisson distributed with mean log(b/a). As this is independent of x,
the right-hand side of (5.2]) after integrating over z equals P(R(A) < k), where R is a Poisson
point process with intensity 1/tdt. By Lemma and the CMT, h;(N,,) converges in distribution
to h1(N), hence we conclude that the limiting distribution of Zj 5j/n1{yj>Mj_l} converges to that
of a Poisson process with intensity 1/tdt.

Similarly, using an analogous argument, for any Borel set B C R,
P(ha(V)(B) < K) = [ B(halIL)(B) < K)pla)d.
By [HTIl 8§5], the distribution of hs(II,) has intensity measure

Av(a,b] = —log(—log Gy (b)) + log(— log G4 (a)) = — log (- 1og(e—20<w>6*")) +log (— 1og(e—20<w>6*“))
=b—log(2p(x)) —a+log(2p(x)) =b—a

which is again independent of z. Then, the limiting distribution of ho(N,,) equals that of a Poisson
point process V on R with intensity A[a,b] = b — a. O

6. REMARKS ON DIFFERENT OBSERVABLES

The main results presented in §2| deal with the observable defined for the value of return distances
that results in the averaged-Gumbel type for the limiting distribution of the maximum process. The
analogous statement for Frechet-type holds. Take Yj(z) = d(z,T7z)~ and define the associated
point process N, = 37| 0(j/n, n-ay;). Then

Np = NP, NT a Cox process with random intensity A, (dtdz) = 2p(x)az™ 0+ dtdz.
The record-value process V,, converges in distribution to a PRM with intensity A on (0, Qo) given
by Arla,b] = alog(b/a). For the Weibull-type, we would define Yj(z) = C — d(z,T7z)* and
Nu = 3271 0i/m,no(v;—-c))- Then

N, = NW NW a Cox process with random intensity A, (dtdz) = 2p(z)a(—2)* dtdz,
and V,, converges in distribution to a PRM with intensity Ay on satisfying Ay [a,b] = alog(b/a)

as well. The limiting distribution of the record-time process R,, is universal for all three cases, i.e.
PRM with intensity measure 1/tdt.

The proofs of these Frechet and Weibull observable cases follow almost verbatim from those of the
Gumbel case without needing to change any assumptions or the proof structure. For the Frechet
case: the proof of Proposition relies on using compactness of the support of the test function g
in its z coordinate, to argue that the difference of

g(i/n,Y;/n%) = g(j/n, Y} /n®)

3The original statement in [RR] was stated for homogeneous Poisson point process, where II, is inhomogeneous.
However, this can be resolved without much difficulty by introducing a change of variable.
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is not automatically zero only when x is in some Ej(r;,) set corresponding to return distance ry,.
Note that Yj(x)/n® € [a,b] implies d(T’x,x) € [1/nb"/*, 1/na'/?], and YjA(J:)/na € [a,b] implies
d(T9z,z) € [1/nb"/*—§,1/na'/*+6] where 28 is the diameter of the partition sets A € Uy,. Similarly
for the Weibull case, n®(Y;(z) — O) € [a,b] C (—00,0] implies d(T,x) € [(—b)Y/*/n, (—a)'/*/n],
and similarly for n® (YjA — C). Consequently,

lg(i/m, d(¢, T7) ™ gy S 7" and Jlg(j/n, n®(d(C, T7)* = O))llpry Sn™"

remain unchanged. The proofs for convergence of the Laplace functionals for the auxiliary process
are analogous to that of Proposition [4.4] requiring only changing the parameters of the Poisson
variables and the diameters of the annuli sets.

DISCLAIMER OF Al USAGE

This paper used generative Al tools marginally. In particular, no paid plans features were ever
employed. The main usage of a large language model (Deepseek) was for

(1) facilitating literature research (including the literature on Cox process, the precise reference
of multivariate Le Cam theorem and the checking the precise requirements to apply the
Continuous Mapping Theorem),

(2) spotting typographical errors, and

(3) keeping consistency of my notations throughout (especially for the proof of Prop and
Prop |4.4])

There were 2 places where LLM did have an impactful contribution to my proofs:

(1) during Step 2 of Lemma where Al pointed out the error terms of the Riemann sum can
be dealt with via Lipschitz continuity;
(2) helping me finish the mixing argument in Step 3(b) of the proof of Lemma
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