CONVERGENCE OF THE BIRKHOFF SPECTRUM FOR NONINTEGRABLE
OBSERVABLES

GODOFREDO IOMMI, MIKE TODD, AND BOYUAN ZHAO

ABSTRACT. We consider interval maps with countably many full branches and observables with
polynomial tails. We show that the Birkhoff spectrum is real analytic and that its convergence
to the Hausdorff dimension of the repeller is governed by the polynomial tail exponent. This result
extends previous work by Arima on more regular observables and demonstrates how the tail behaviour
influences the structure of the Birkhoff spectrum. Our proof relies on techniques from thermodynamic
formalism and tail estimates for the observable and our applications are to natural observations on
Gauss maps, Liiroth transformations as well as to a the first return time for a class of induced
Manneville-Pomeau maps.

1. INTRODUCTION

Averaging observables along an orbit is a basic procedure in ergodic theory. The pointwise ergodic
theorem ensures that, with respect to any ergodic measure, these averages converge to a constant
almost everywhere. However, it does not provide information about the exceptional set of measure
zero. For large classes of dynamical systems T : X — X and functions g : X — R, the decomposition
induced by its Birkhoff averages exhibits considerable complexity. Indeed, for @ € R the associated
level set is defined by

n—1
. iy
J(a) = xEX.nlirrgoE;g(Tx)fa

This induces a decomposition of X given by

X = U J(a)u']ir7
a€cR

where J;, is the set of points for which the Birkhoff average fails to converge. In many situations every
level set J(«) is dense in X. When X is a metric space, the structure of this decomposition can be
analyzed via the function o — b(a) := dimpgJ(«), where dimpy denotes the Hausdorff dimension. The
function b(-) is referred to as the Birkhoff spectrum. The study of the Birkhoff spectrum began in the
late 1990s in the context of hyperbolic conformal dynamical systems and Hélder functions (see [P]).
In this setting, if g is not not cohomologous to a constant, the decomposition induced by the Birkhoff
averages is extremely complicated. The set of attainable values « forms a nontrivial interval, and each
level set J(«) is dense in X. Despite this complexity, the function b is remarkably regular. Indeed,
it is real analytic. This regularity is a consequence of the well-behaved thermodynamic formalism
associated with the system.

We consider dynamical systems given by interval maps F : [0,1] — [0, 1] with countably many (full)
branches. The dynamics is concentrated in the repeller A C [0, 1], and we assume the existence of a
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measure of maximal dimension p, see Section for details. We also consider functions 7 : A — R,
referred to as observables. These are assumed to satisfy conditions (see Section which imply that
their tail with respect to the measure p has polynomial decay, meaning there exists 0 < 8 < 1 such
that u(7 > n) < n=?. In this setting, we go on to prove that the function b(a) is real analytic and
that lim,— o b(a) = dimg A, see Proposition Moreover, in analogy to recent results obtained by
Arima [A], we prove the following,

Theorem 1.1. Let A C [0,1] be the repeller associated to the map F (as in Section and let
7:A = R be an observable (as in Section[2.3), then

0 z‘fa;>$; w1
00 ifx<%. '

a—r 00

lim (dimgA — dimgJ(a)) a® = {

In other words, the rate at which b(«) converges to dimpgy A is controlled by a function of the polynomial
exponent of the tail. This, in particular, implies that for observables as described in Section [2.3
different values of 5 lead to fundamentally distinct Birkhoff spectra.

As above, the observables we consider have (non-summable) polynomial tails with respect to the
geometric measure as a consequence of more subtle (and technical) assumptions. These are hypothesis
that allow us to control the growth and the interplay between the number of cylinders of length one

for which the values of the observable lies in a certain fixed interval (Section ) and

the p measure of the these cylinders (Section (H2)). In Section under somewhat stronger
assumptions, we clarify the meaning and implications of [(H1)|[(H2)| and [(H3

A natural example for this theory is the induced map of the Manneville-Pomeau map together with
the observable defined as the corresponding first return time map (see Example . In Section [5| we
construct several examples that illustrate the assumptions on the observable and the system. Systems
and observables that satisfy the hypotheses of our results can also occur as first return time maps for
flows. This is readily seen simply by considering the suspension flow with base system F' and roof
function equal to 7. Other examples stem from the maps associated to certain numeration systems
such as continued fractions expansions.

A result related to Theorem [1.1| was obtained by Arima [A] for similar dynamical systems, but for a
class of more regular observables. In [Al Theorem 1.1] it is shown that the Birkhoff spectrum again
converges to the Hausdorff dimension of the repeller at a polynomial rate. However, in that setting,
the rate is determined by the Hausdorff dimension of the repeller, dimgyA. Contrary to our Theorem,
in order for that result to hold the dimension has to be strictly smaller than one.

It should be stressed that for this class of dynamical systems but for a different class of observables,
the convergence of the Birkhoff spectra to the Hausdorff dimension of the repeller can be exponential
[Al Proposition 1.2] (see also [I1J2]).

Our method of proof combines modifications of ideas developed by Arima in [A] together with tail
estimates for the observable. All of these are thermodynamic in nature.

2. PRELIMINARIES

In this section we introduce the objects we are going to study throughout the article, we also recall
results and definitions that will be used and take the opportunity to fix notation. For two real sequences
(@n)ns (bp)n, write a, = C*b, if there exists a uniform constant C' > 0 such that for all n € N,
cl< 7 < O write a,, S by, if for all n large, a, < Cby,, and a,, < b, if a,, < b, and b,, S a,. The

cardinali:cly of a set F is denoted by #F.
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2.1. The symbolic space and thermodynamic formalism. Let (X, 0) be the one-sided full-shift
shift over the countable alphabet A = N. That is, we consider the space ¥ := {(2n)nen : 2; € N}
together with the shift map o : ¥ — ¥ defined by o(x12025...) = (z2x3...). Endow the space &
with the topology generated by the cylinder sets,

livig ... in) = {(zn) € X :a; =i, for j € {1,2,...n}}.

Note that with this topology the space ¥ is non-compact. Moreover, the system has infinite entropy.
We define the n-th variation of a function ¢ : ¥ — R by

var,(¢) =  sup sup () —Y(y)l-

(il...in)GN” I,ye[ilzﬁ.“in]
A function ¢ : ¥ — R is of summable variations if 372, var;(y) < oo and locally Holder if there exists
M >0, Ay € (0,1) such that var;(s)) < MAj for all j > 1.

The thermodynamic formalism in this setting was studied by Mauldin and Urbanski [MU2] and also by
Sarig [S1]. We briefly recall the basic properties that will be used through the article. Let ¢ : ¥ — R
be a function of summable variations. The topological pressure of 1 is defined by

n—1
PU (,l/}) B nlggo % log 0'7;2117 o (zz—; w(azw)> .

Denote by M, the space of o—invariant probability measures. The Variational Principle [MU2] [S1]
states that

Pa(w)sup{h(u)+/de:V€Mg,/z/de> oo},

where h(v) denotes the entropy of the measure v. An invariant measure v € M, is an equilibrium
state for ¢ if P,(¢) = h(v) + [ dv, whenever P, () < occ.

An equivalent condition of the pressure being finite is given by the following result.

Lemma 2.1. [MU2| Lemma 2.1.9] We have that P, () < oo if and only if

Z exp (sup 1/1(x)> < 0.

acA z€[a]

In addition, it is possible to approximate the pressure defined on this non-compact space by the
topological pressure of compact invariant subspaces.

Lemma 2.2. (Approzimation property, [MU2, Theorem 2.1.6]) If ¢ : ¥ — R has summable variations
then

P,(v)) = sup {h(u) + / Ydv:v e M, and compactly supported} .

The above result also means that if K C ¥ is a compact invariant subset and we denote by Pk (-) the
restriction of the pressure to the set K, then P,(v) = limg Pk (1)) where the limit is taken over larger
and larger invariant compact subsets. There is a special class of measures that will be of interest to
us.

Definition 2.3. A measure v € M, is said to have the Gibbs property if there exists M > 1 such
that for all n € N, all n—cylinder [i1,...,iy) and © € [i1, ..., 1],

i < V([ilw"vin]) < M. (2.1)

M ~ exp (Spt(z) —nP()) —

The following result summarises the properties of the pressure in this setting, see [MU2, [S3] and more
specifically [LTIl Theorem 2.3].
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Proposition 2.4. Let (X,0) be the full-shift and ¥ : ¥ — R a non-positive function of summable
variations. Then, there exists t* > 0 such

0 if t <t*;

Py () = : o .

finite and real analytic  if t > t*.

Moreover, if t > t* then there exists a unique equilibrium measure for ty and it is a Gibbs measure.

Remark 2.5. The original theorem in [[J1] assumes v locally Hélder instead of summable variations;
but according to the argument and the proof of [S2l Theorem 4], the same statement holds for ¢ of
summable variations.

When the pressure is real analytic there exists a formula for its first derivative. Indeed, if ¢ > ¢* then

P (ty) = / b dpu, (2.2)

where (i, is the unique equilibrium measure for ¢y, see for example [MU2| Proposition 2.6.13].

2.2. The class of maps. Given a compact non degenerate interval [a,b] C R, let {I,,}, C [a,b]
be a countable collection closed subintervals such that their interiors are pairwise disjoint and let
F :U,I, — [a,b] be a map. The repeller of the map F is defined by

A= {x € [a,b] : F(z) € U,I, for all j € N}.

We make the following assumptions on the map F'.

(F1) The Hausdorff dimension of the boundary is zero, that is dimy (U, 0I,) = 0, where OI denotes
the boundary of the set I.

(F2) Expansiveness. The map is of class C' on intl,, the interior of each interval I,,, for every
n € N. Moreover, there exists A > 1 such that |F'(z)| > A for every z € U,int[,.

(F3) The map F restricted to A is topologically conjugated to the full shift (X, o) via the projection
map 7 : X — A.

(F4) The function |F’| o 7 is of summable variations and has finite 1—variation.

Note that the Markov structure that we have assumed implies that there is a bijection between the
space M, and that of F-invariant probability measures, that we denote by Mg. For a continuous
function g : A — R we define the topological pressure of g with respect to F' by

Pr(g) := sup{h(u)+/gdy:1/6/\/lp,/gdv> —oo}.

If g o7 is of summable variations we have that Pr(g) = P,(gom). Therefore, results obtained for one
of the pressure are translatable to the other pressure. Hence, we identify them with the notation P(-).

Recall that for each v € Mp, its Lyapunov ezponent is given by A\(v) := [log |F'|dv. We now state
our final hypothesis on the map F', a Bowen-type formula.

(F5) Assume that the function —(dimgA)log |F”| has zero pressure and an equilibrium state that
we denote by pu.

Remark 2.6. There exist examples of maps that satisfy conditions (F1)-(F4) but not (F5), see [MUIT
Example 5.3]. We have that dimg(p) = dimpg A and hence it is called measure of mazximal dimension.
We stress that under these assumptions the equilibrium state for —(dimgA)log |F'| is unique, this fol-
lows from [BS|, Theorem 1.1]. Note that there exist examples for which the pressure of —(dimgA) log |F’|
is zero and there is a corresponding Gibbs measure v which is not an equilibrium state. This occurs
when A\(v) = oo, see for example [S3| p. 1757].
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From now on denote b* := dimgyA. Note that since b* € (0, 1] the above implies that in Proposition
the value of t* is less than or equal to 1. There is a wide range of examples of maps satisfying
these assumptions, we discuss some of them in Section

2.3. The observable. We will be interested in studying functions that have polynomial tails with
respect to the natural geometric measure p in A. For a function 7 : A = R>¢ and a € A we denote by
7, the restriction of 7 to the cylinder 7[a]. Also, the notation u(7 > n) stands for u({zx € A : 7(z) > n})
and p ({a : inf 7, € [w(n),w(n + 1))}) for p (Ula]) where the union is over {a : inf 7, € [w(n),w(n+1))}.
Before stating our assumptions on 7, we introduce the following notion.

Definition 2.7. A real valued function £ : N — [0, 00) is said to be slowly varying if lim,, ;oo % =1

for all A > 0.

Remark 2.8. A slowly varying function grows (or decays) slower than any polynomial. If £ is slowly

varying and h is a monotone increasing function such that liminf, W € (0,00], then for all
e >0 and oll n sufficiently large, h(n)~¢ < £(h(n)) < h(n)e.

We assume that the observable 7 satisfies the following: Zj>1 var; (T o m) < oo, and there is a differ-
entiable function w : R — R, strictly increasing with lim, . w(z) = oo and % < ¢ for some ¢ > 0
such that

(H1) forall e >0, 1 < # {a:inf7, € [w(n),wn +1))} < v,
(H2) there exists 5 € (0,1) such that for all n € N,
p({a:infr, € w(n),win +1))}) = é(w(n))um,

(H3) there exist constants (1, 82 > [ satisfying the following: for all b close to b*, there exists gg > 0
and such that for all ¢ € [0, o), g, the equilibrium state for —g7 — blog |F’|, and all n € N,

-ty « P({a:infr € wn),wn+1))}) _ () () =B b (93

1% (M) ,(n,
(n+1) S an (@it 7y € i) wn + D)) ~

Remark 2.9. The following are consequences of the assumptions on the observable.

(1) implies a non-summable polynomial tail for the observable T: for alle > 0, since w(n)™¢ <
t(w(n)) S w(n)s,
° w'(x) 1 _ > _
— = Q== — Bte — B:I:s.
p(r >mn) /wl(n) w(x)ﬂ+1i€ ! B+ EW(SU) wi(n) "
As this holds for all € > 0, we conclude that u(t > n) < n=b.
(2) Whenw(n) < n", implies,u ({a:inf7, € [wn),w(n+1))}) = £wn))n= B+ and when
w(n) < e™ for somer >0, pu({a:infr, € w(n),wn+1))}) = L(w(n))e P,
(3) If w(n) < n¥ for some k > 0, then as vari (T o m) < 0o, the w(n + 1) terms in (2.3)) can be
replaced by w(n).

(2.4)

2.4. Simplifications of the H conditions in terms of numbers of branches. Under somewhat
stronger assumptions we show how the conditions [(H1)|[(H2)] and [(TI3)] are related and simplified. For
a large class of systems and observables this eases the verification of the assumptions. We give two
lemmas which concern the relationship between our conditions and # {a : 7, € [w(n),w(n + 1))}.

Definition 2.10. We have w-comparable K-scaling if there exists K > 0 uniform such that whenever
‘ ’

a,a’ € A have inf 75, inf 7,/ € [w(n),w(n + 1)), then sup,c(a) yerar] Ili/iggl‘ = K+
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Lemma 2.11. Suppose that there exists K > 1, such that #{a: 7, € [w(n),w(n+1))} € [1, K],
and we have w-comparable K-scaling with w(n) = n® for k > 0. Then [(H2) implies [(H3) (with
Brz = %),

Proof. In this case, for any « € [a] where inf 7, € [w(n),w(n + 1)), for C,, the Gibbs constant for p,
CE (@)™ < u({a:inf 7, € [w(n), w(n+1))}) < CuK>|IF' ()",
by |(H2)[ and Remark E(?) we have for all € > 0 small, |F'(z)|~"" = —r= and
faw ({la] : inf 74 € [w(n),w(n +1))}) S ™| F ()| 70 = e 7MW~ (x+ IR,

Therefore taking € to 0 and the ratio of measures,

H ({a tinf 1, € [w(n),w(n + 1))}) > eqw(n)n—(fcﬁ+l)(1—b/b*) — eqw(n)w(n)—ﬁl(b*—b)
o ({a s inf 7, € [w(n),w(n + 1)) ~ ’

where ' = ﬁ%i/ﬁ. Similarly, since
pign ({[a] : inf 7, € [w(n),w(n +1))}) 2 e~ M)y (REFL1EL/LT

one gets
pa s inf 7a € [0, @0+ DD gy )50
tgp ({a 2 inf 74 € [w(n),w(n+1))}) ~ ’

hence holds with 812 = 3. O

Lemma 2.12. Suppose that both|(H2) and|(H3) hold and we have w-comparable K -scaling. Then if
w(n) is polynomial (of order k), let ¢12 = P1,20* — B

W' (nwn) ™ <H#{a: T, € [wn),w(n +1)} < (n)wn)2

Proof. Let ¢, := #{a: 7, € [w(n),w(n+ 1))} and let a, := |F'(x)|~"" for x € [a] for some a € A with
inf 7, € [w(n),w(n +1)). Then our [(H2)| implies that

w'(n) :
SroyseE = {la] infry € fo(n) wln +1)}) < caan (25)
Moreover, if w(n) is polynomial,
e~ e,a)/? < g ({la] s inf iy € [w(n), wn+1))}) S e Meqay/". (2.6)

First by [(H3)|

e S e () O, e, 0y S w(n)
_ b/b* ~ ’ T 7
e qw(n)cnan

putting this into (2.5) and taking e — 0, we get

en = W' (n)w(n)Pfrt"—A-1,
Similarly by there is a,, > w(n)~?2*" and put this into (2.5) and taking ¢ — 0 we get the upper
bound ¢, < w'(n)w(n)?20"—A-1, O

~

Note that above, the fact that w(n) is polynomial was only used to ensure that (2.6) holds. If it were
exponential, then the discrepancy between e9(™) and e for w € (w(n),w(n + 1)) may cause issues.
But we shall see, for example in Example that this is not always the case.
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3. REAL ANALYTICITY OF THE SPECTRUM

In this section we prove that despite the fact that the multifractal decomposition induced by the
Birkhoff averages is extremely complicated (each level set is dense in the repeller), the function that
encodes it, b(+), is as regular as possible (real analytic). In order to do so we make use of the associated
thermodynamic formalism. Similar results have been obtained for other dynamical systems or different
classes of observables (see, for example, [[J2, MU2] [P]).

Recall that F restricted to A is topologically conjugated to the full-shift on A = N; abusing notations,
SUP,¢(q) 18 to be understood as taking supremum over z in wla]. The following function is our key to
prove Theorem and the real analyticity of b(-):

p:R* =R, pla,q.b) == P(g(oar — 1) — blog |F|). (3.1)

Let S := {(q,b) € R? : P(—q7 — blog |F’|) < 0o} denote the set where the function p is finite.
Lemma 3.1. We have that

S= ({0} X [b*’ 00)) U ((0,00) x [0700))7
where b* = dimg(A) is the unique solution to P(—tlog|F’'|) =0 (which exists by assumption (F5)).

Proof. Suppose ¢ > 0. By [(HL)] for € € (0, ),
Z exp (sup —q7,(z)) < Z Z exp(—qw(k)) < Z exp (—(q — e)w(k)) < o0,

acA keN {a:inf 7, €[w(k),w(k+1))} keN

and by Lemma P(—qr) < oco. Since F is uniformly expanding, for all b > 0 we have that
P(—gt —blog |F'|) < P(—qT) < .

Now assume that ¢ < 0, then for any b € R, the Variational Principle implies
P(—qr —blog|F"[) > h(p) + / (—q7 — blog |F'|) du > —q/Tdu — DA().
By assumption [ 7du = oo, therefore (—00,0) x R & S.

Now for ¢ = 0, we assumed in Section 2.2 that P(—(dimyA)log [F’|) = 0. By [I, Theorem 3.1],

, non positive b>0b";
P(-blog|F'|) = o b< bt

The result then follows. O

(3.2)

Remark 3.2. Since }_ ;. varj(Tom), 32,5, varj(Fom) < oo and (¥,0) is a full-shift by [S3, Theorem
1] for each (q,b) € S there exists a unique equilibrium state for the potential —qT —blog |F'|. Moreover,
it is a Gibbs measure.

Let o = inf {limn%oo 1 Z;lz_ol T(Fix):x € A} € (0,00]. The dimension of the level sets is obtained
by the following variational formula.

Proposition 3.3. [LJ2| Theorem 3.1] For each o > q,

dimg (J(«)) = sup { hv)

) v e Mp,Av) <OO,/Tdu:a},

The following three lemmas and proposition set up the proof of Theorem in the next section.

Lemma 3.4. If a > a and ¢ > 0 then p(«, g, b(a)) > 0.
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Proof. The proof is similar to that of [[J2, Lemma 4.3]. It is a direct consequence of Proposition
that there exists a sequence of F'—invariant probability measures (), such that for all n € N,
[ rdpn = a, h(pn), A(pn) < 0o, and limy, oo h(fn)/A(pn) = b(a). Let 0 < 51 < so < b(r) and ¢ > 0,
then by Lemma [3.1] for K := P(—q7 — s1log |F’[) < oo, and by the Variational Principle,

B(ttn) — g0 — $1\(tm) = h(jun) + / (—gr — s1log |F']) dun < K.

For all n large enough we have so < h(un)/A(pn) < b(a). Hence, combining these we get for all n
large A(pn) < (K 4 qa)/(s2 — s1) < 00, so the sequence {A(un)}y is bounded.

By the Variational Principle, since ¢ > 0, we have that for all n € N,
pla, q,b(e)) = h(pn) + /(Q(a —7) = b(e) log | F'|) dpu,.

Hence, by our choice of {u,}, and boundedness of {A(un)}n,

. (o o) - tn0c) 2 s (3] ) -

0
U
Lemma 3.5. For each o > a we have, that inf {p(a, ¢q,b(c)) : ¢ > 0} =0 and lim,_, p(c, q,b(a)) =
00.

Proof. Suppose inf {p(a, ¢,b(a)) : ¢ > 0} = C' > 0, then, using the idea of Lemma [LJT, Lemma
3.2] implies that there exists a compact invariant set M C A such that (i) pas(a, g, b(a)) > 0 for all
q € R and (ii) limg)— o0 Par (v, q,b(0)) = 00, where prs(a, q,b) := Py (q(a — 1) — blog | F'|).

By analyticity and Ruelle’s formula (see, for example, [MU2, Proposition 2.6.13]), (ii) implies there
exists gps such that

— gq ) pu(a, q,b(@)) Z/(@—T) dfiqn

where p,,, is the equilibrium state corresponding to gas(a — 7) — b(c) log | F'| for the restriction of F
to M. Therefore [ 7dug,, = o, but

0 < s, (0)) = Rl = o) [ 10817 ey, = Ata) (5225 — b))

which is a contradiction to Proposition so combining this with Lemma inf{p(a, q,b(c)) : g >
0} = 0 where pj; is the topological pressure restricted to M.

0

In order to prove the second statement, as in the proof of [LJT], Lemma 3.2(2)] with ¢ = 1, there exists
a compact F-invariant set M C A and a measure o supported on the orbit of a periodic point & € M
such that & > [ 7dp, then by the Variational Principle

qan;op(a,q,b(a)) > qan;OpM(a,q,b(a)) > lim (/q(oz —7)dv — b(a)/\(17)> = 00. O

q— o0

Lemma 3.6. For all o > a, there exists g(a) € (0,00) such that

0
a0 p(Oé, q, b(a)) = 0. (33)
9 g=q(c)

In particular, p(a, q(a), b(a)) = 0.

Proof. We first show that the ¢(«) exists and is strictly positive. By Lemmas and for qo large,

0

% p(a, q,b(a)) > 0.

9=40
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Suppose there is no g(«) > 0 such that the partial derivative with respect to ¢ is 0. Then p(«, ¢, b(«))
is strictly increasing on (0, c0): if there exists an open set on which the pressure is decreasing then the
derivative is negative, by analyticity and strict convexity of the pressure when it is finite, there exists
a zero for derivative. Therefore by Lemma lim,_,o+ p(a, ¢, b(cr)) = inf {p(c, ¢, b(ax) : ¢ > 0} = 0.

Again by Lemma3.1|p(e, 1/n, b(«)) < oo which implies for each n there is a unique equilibrium (Gibbs)
state v, with respect to the potential 1 (o — 7) — b(a)log [F’|, and as var;(t/n) < var;(r) for each
j > 1, these Gibbs measures share the same Gibbs constant.

Also by assumption [(H2)| and Remark finite 1 variations of F’ o m and the Gibbs property of p,
for k € N large enough

k=P = p(r > k) < Z Z sup |F'(z)]7"". (3.4)
n€N:p(n)>k {a:inf 7o €[p(n),p(n+1))} z€la]

Hence for all n € N, by Ruelle’s formula, for all k large enough,

g p(a, q,b(a)) = /(a —7)dv, = a+ Z/ —Tdv, < a+ Z inf 7,1, ([a])
Tlg=1/n a€A acA

< Z —inf 7, sup exp (04—7'(95) — b(a) log F’(:E)|> < Z —inf 7, sup exp (04—7'(33)) |F' ()| ~°
a€A @€lal " acA v€la) n

sron (0 (adow)) ¥ 5 ()

JEN:w(j) >k {a€Aiinf T, €[w(j),w(j+1))}

< —k'"Pexp <(a ; k) —-p (a, i7b(a))> ,

where the second to the last asymptotic inequality is by |(H2)| and Remark By continuity of the
pressure function and p(«, 1/n,b(a)) — 0, for each all n, k € N large enough

0

. p(a7q’ b(Oé)) 5 _kl_ﬁ < Oa

aq qg=1/n
which can be arbitrary large, implying there exists a neighbourhood to the right of 0 such that the
derivative is negative, again this is a contradiction. Hence there exists g(a) > 0 where the derivative
of the pressure functional with respect to ¢ is zero.

Now we prove the pressure at g(a) > 0 is also zero. Let p,, denote the equilibrium Gibbs state for the
potential g(a)(a — 7) — b(a) log | F’|. We have shown already that

0
pla, g, b(a)) = /(a —7)dpie =0,
3q g=q(a)
in other words, [ 7dpuq = «, so by Proposition
h(pa) )
pla, q(a), bla =< —b(a) ) Mpa) < 0.
(@ q().b(e)) = ( 5225 ~ ble) ) Aa)
Combining this inequality with Lemma 3.4} p(«, g(a),b(a)) = 0. O

Proposition 3.7. The functions b(a) and q(«) are real-analytic with respect to o € (0,00), and b(«)
is strictly increasing with lim, o b(a) = dimg (A) = b*.

Proof. For analyticity, the method provided in [IJ2| Lemma 4.5] allows us to conclude that the Jacobian
matrix (with respect to ¢,b) of the mapping

b
G:RxR> >R, G(a,q7b):< Pl a.b) )

Zp(a,q,b)
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evaluated at ¢ = g(a), b = b(«) has strictly positive determinant, for all « > a. Hence, analyticity of
q(a) and b(«) follows from the Analytic Implicit Function Theorem because the pressure function is
analytic when it is finite. Moreover,

op Op -1 Op
! et 4 e =z
q' () _ 9q ap ap
Vi) )~ &%p  O°p 0°p
9q? Obdq Odadq

evaluated at «,q(a),b(a). Since %Z = 0 at g(a), % is strictly positive by convexity of pressure

function, and % (e () = — [|log|F'|dpe where u, is the Gibbs measure for ¢(a)(a — 7) —
b(a)log | F'|, we have
&p op\ [ op Pp
b === = - — | = AMpg)- 3.5
(@) (aqg 86) ( 229+ 5, aaaq> (@) /A(a) (3.5)

Since F is uniformly expanding, A(ps) > 0, and g(«) > 0 by Lemma b(«) is strictly increasing. [

4. PROOF OF THEOREM [I.1]

Proposition 4.1. The following holds,
lim ¢(a)=0 and lim ag(a)=0.

a—00 Qa—00
Proof. To show the first equality, let ¢~ := limsup, ., ¢(«) and assume by contradiction that
goo € (0,00). Then, there exists {ay,}, strictly increasing such that limsup,,_,. o, = oo and

limy, 00 ¢(@n) = ¢oo > 0. By Lemma Proposition and the continuity of the pressure function
on S, for all o > a, we have that

—q(a)a = P(—q(a)T — b(a)log |F'|) € R.
By continuity,
lim P(—q(a,)7 —b(an)log |F'|) = P(—qeeT — b log |[F'])

n—oo

which is finite. However, lim,,_, —anq(a,) = —oo, which is a contradiction.

Similarly, suppose ¢ = co: as in the proof of Lemma there exists a periodic point Z of period p
such that for all n large enough, ]% Z?;é T(FIZ) < au, i€, limy, o0 iy — % Z?;& 7(F’Z) = co. Denote
by 7 the probability measure supported on the orbit of Z. Since b(«,,) is bounded from above for all
n € N, hence by the definition of ¢(«,) and Lemma we have that

0= lim p(an,q(a,),b(ay)) > lim </ q(an)(apn — 1) dv — b(aw,) log (Fp)’(f)|) = 00,

n—oo n—oo

which is a contradiction. Therefore, lim,_,~ ¢(a) = 0.
Lastly, by continuity, as we have shown that ¢(a) — 0, by definition of b* (3.2)),
lim g(a)a = — lim p(—q(a)T —b(a)log|F'|) = P(—b*log|F'|) < 0.
a—r00 a—r0o0
But since both g(«) and « are strictly positive, lim, 0 ag(a) = 0. O

Lemma 4.2. There exists L > 0 such that for all « > L,

b* — b(a) = / gt (4.1)
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Proof. For all a > a, as b* = limy 00 b(c), it is easy to deduce from (3.5) that b* — b(a) =
f;’o q(t)/A(ug)dt. Since F is uniformly expanding the Lyapunov exponent A(p,,) is uniformly bounded
from below, hence it suffices now to find a uniform upper bound for A(u,).

Denote by C,, the Gibbs constant for the measure i, ; it is well-known that C, only depends on the vari-
ations of the potential —g(a)T — b(c) log |F’|, as 7 is of summable variations and var; (b(«) log |F'|) <
var;(log|F”|) for all j € N so as & — oo the constants C, are uniformly bounded.

By Lemmap(a, q(a),b(e)) = 0, so the Gibbs property gives 1iq([a]) = ea(@)(@=Ta)=b(a)log|F| for a]]
a € A. Also we have b(a) — b* as @ — 00, so there exists L > 0 such that for all a > L, |b* — b(a)| <

B_ Since for all y > 1 there is logy < y"/n, applying [(H3)| for all 0 < n < min{%, 8%,%

882"
w(n +1) < aw(n) and ((w(n) S w(n),

, as

/log |F'dpio = 9> " log | Fy |ig(a) piay([a]) S Y e @ ble)mmloslfal = N ", ) 4 a)—n(lal)

acA acA acA
] ey L)) W (n)
(a)w(n) B2(b" —b(a)+n) L\WAIY))@ ATY) ﬁ/47
> et w(n+1)7 ! w(n) ,6+1 <D (ew( (n)1+A—2n
neN nEN
< w(x) 2 _ 2 _8
< < — = _ = 5/2 —
Z 1+,6’ () 1+B—B/2 N/1 w(z)HA/2 5‘”(93) . 5“’(0) ? <.
Hence [log|F'|dp, is uniformly bounded from above. O

Proposition 4.3. For every € > 0 small enough we have that

a(@) I S a g g(@)0 T

Proof. As in the proof of Lemma Lemma [3.6] and Lemma [£.2] above, for each o > « there exists
a unique Gibbs equilibrium state p, for ¢(a)(a — 7) — b(«) log |[F'| and [ 7dp, = a. By assumption

there is ¢ > 0 such that % < ¢. For arbitrary € > 0 there is L. > L such that for all o« > L.,

b* — b(a) < min {ﬁ7 25, (» Py the Gibbs property, the regularity of 7 (especially finite 1-variation)
assumption and since £(w(n)) < w(n)s/?,

=Y [ rne s> wtnt > p([a)

acA neN {a:inf 74 €[w(n),w(n+1))}

ealx > (b —b( —(ane (n)wln)
S 3 cw(n)eR@ (o)) Pa(E @) gatal >(())ﬁ+f
neN

< eal@) Z e~ @M (n)w(n) =B < eva(@) /OO e~ 1@ ! (1) ()~ P de

neN 0

Then substituting s = ¢(a)w(x) and recalling, by Proposition that ag(a) — 0 as @ — oo, we
obtain that for all € > 0 and « large enough,

o0 (B—e)
< oq(a) Lo ( 8 ) < ala)-(1=BHP(] — .
a<le /0 ) e 70 q(a) I'l1—-p38+¢) (4.2)

where T'(-) denotes the usual Gamma function, I'(r) = [;° " 'e~*dz. Since 8 € (0,1), I'(1 — B +¢)
is bounded away from infinity hence a < g(a)~ (1~ /3“)
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Now we prove the asymptotic lower bound. Using |[(H3)[ and the substitution s = ¢ g(a)w(x),
az Y wmpa(la]) 2 Y e 1O w(n) " o (n) DY (n)w(n) )

neN neN
(@)ew(n) o o [ 1 s\
pe e” Nty (n)w(n)™ Ex/ es( > ds
2 () o ca@° \eq@
= (@) 1=#-9T(1 - - 2).
For all € < %, I'(1 — 3 — ¢) is uniformly bounded so we get a > g(a)~(1=F=2), O

Proof of Theorem[1.1l Let ¢ > 0, by Lemma Proposition for all @ € (L,00) we have the
following asymptotic inequality:

b*fb(a)x/ a(t) dtg/ 7T dt = o TR (4.3)

As the above asymptotic inequality holds for all € > 0 small, we obtain that if z < % then,

lim (b* —b(a)) a® = 0.

a—00

Similarly,
. R S _ e
b* —b(a) 2 tT T dt = T-P-¢,
«@

x

so if x > % then lim, 00 (b* — b)) @® = 0. O

5. EXAMPLES

In this section we provide examples that illustrate our results. Our primary example is the induced
system of the non-uniform hyperbolic interval map defined by Pomeau and Manneville.

Example 5.1 (Manneville-Pomeau map). Let A > 1 and define the Manneville-Pomeau map fy :
0,1} = [0,1] by
z(1+2%2%) z€]0,1/2),
M@ =99, 4 z € [1/2,1].
Let 7: (1/2,1] — N be the first return time map to [1/2,1], 7(z) :=inf {j > 1: fi(z) € [1/2,1]} and
let F':(1/2,1] — (1/2,1] be the map defined by F = f7. The map F has an invariant probability
measure that is absolutely continuous with respect to the Lebesgue measure and that we denote by
p. It is well known that the map F, together with pu, satisfies (F1)—(F5) and b* = 1. Consider the
observable defined by 7. Clearly var;(r om) = 0 for all j > 1, and the relevant w(-) here is w(n) = n,
and holds since # {7 = n} = 1. By, for example the proof of [BT, Proposition 2], we have that
w(t = n) = £(n)n~F3) (note that the calculation referenced gives £(n) of the form 1 + clogn/n
which is uniformly bounded), then condition [(H2)| also holds for 8 = 1/A . Condition follows
from Remark 2.9/ and Lemma[2.11] and is easily verifiable with 1 5 = $+1. Therefore by Theorem

0 if 1.
lim (1 —dimgJ(a))a® = { BT > 3775

a—o0 o0 ifﬂc<ﬁ.

Below in Examples (5.2)—(5.2]) we construct classes of full-branched maps that satisfies our condition
for F and 7 in For every decreasing sequence of positive numbers (ay), such that > .2 a, =1,
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we can associate a partition (I,,), of the interval [0, 1] such that the length of I,, is equal to a,. The
map F : |JI,, — [0, 1] such that F' restricted to each I, is linear, increasing and F(I,,) = [0, 1] is a map
that can be coded with a full shift on a countable alphabet. Clearly this system satisfies (F1)—(F5)
and has b* = 1. In all examples below, take £(n) = 1.

Example 5.2. Fix r > 0 and s € (0,7). Define (a,), and (b,), to be the sequences defined by
an = Con~ ) and b, =n",
where Cj is such that 1 = C, 307 | a, < Cy [~ 2= 0+ = ;1. Again (F1)~(F5) hold, the Lebesgue

measure is the measure of maximal dimension and b* = 1.

Consider the observable defined by 7(z) = b, if x € I,,, let w(z) = 2", and since [, 717 %dz < n=°/",

we verify [(H2)| with 8 = s/r and hence 8 = s/r € (0,1) and by Lemma (H3)| holds. To verify
this, we notice that for b € (0, 1),

n_(1+5)

n-b(+s)

so|(H3)| holds with ;2 = 8+ 2. Therefore by Theorem

p—(Fs)(1=b) _ n—r(,3+%)(1—b)7

»
w

»

a—00 oo ifx<

if
lim (1 —dimgJ(a))a® = {0 e

<
|
@

Example 5.3. Let 0 < ¢ < a and b > 0, set
C

a—c—1
an:ﬁ, ¢n =nC, b, =nb such that a,b,c >0 and g =

b
Here C is chosen such that > Cn° * = 1. Consider the partition of [0, 1] induced by (a,), and c,,
i.e., for each n there are c,-number of disjoint intervals of length a,,. Define F' as in Example Let
7 :[0,1] — R defined by 7(z) = b, if and only if  belongs to a partition set of length a,,. Then F'
satisfies all the conditions listed in and the measure of maximal dimension is again the Lebesgue
measure p with b* = 1. Let w(z) = b, foralle >0, ), . nfe="" < 00 s0 holds, and for@

c bnb~1
p{r =w(n)} = pa—c — p(+A0

To verify [(H3)] it suffices to compute that for all n close to 1,

nf(afc)

€ (0,1).

_ p—(1=ma _ py=b(1=n)(B+(e+1)/b).

nen—na
so the relevant f; o here is § = 84 (¢ +1)/b and the conclusion of Theorem holds, i.e.,

; B_.
lim (1 - dimpgJ(a))a® = {0 it > P (5.1)
a—o0 oo ifx< =5

Example 5.4. Continue the construction as in Example let b, = €™, the number of branches
with 7(x) = b, is given by ¢, = 2", and the Lebesgue measure of each partition set with 7 = "
is an = grag where K = (3,5, €”")7'. Then F satisfies all the conditions listed in and the
measure of maximal dimension is again the Lebesgue measure p with b* = 1. Clearly, the obvious

choice of function here is w(z) = €®. Then limsup,_, wltl) — ¢ and S e 2te " < oo for all

w(x)
€ >0, so0 holds. Next,

neN

pllr € e e ) = o =
’ = eBn T o(+A)n’

SO is verified. Lastly for (2.3)), for all b close to 1 and g > 0,

— —Bn n+1
w(T = w(n)) e <" exp (—n(B + log 2)(1 — b)) = e+ y(p)~(B+log (1),

—_— < eqe" e
fiq.p(T = w(n)) o Ponglog a1 byn =
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and similarly the lower bound
—Bn
1My (n 4 1)~ (B+los2)(1-b) < cqe” ¢
~ e—Bbnelog2(1-b)n*

So holds with £; 2 = 8+ log2, and our main theorem applies.

Example 5.5 (Liiroth expansions). Every real number = € (0,1) has Liroth expansion of the form:

1 1 1
dy dy (dl — 1)d2 dl(dl — 1) s dnfl(dnfl — 1)dn

with d; > 2 a positive integer for every i € N, see [L]. Let F : [0,1] — [0, 1] be the map defined by
F@)=nn+z—-nifxe[n+1)"1,n"1)and F(0) =0. If v = [d1dy...]1, then F(x) = [dads3 .. .]1,
(see [DK]). The Lebesgue measure, that we denote by p, is preserved by F. Then the map F together
with the Lebesgue measure satisfies (F1)—(F5) and b* = 1. Let » € N be such that » > 1 and
7 :[0,1] — R be defined by 7([d1dz...]r) = d]. Let w(x) = 2". Note that condition is clearly
satisfied. Also

Tr =

Jr"':[dldg...]L

(7 € fon). o+ 1)) = lln]) = s ~ 5.

(
Thus, solving r(8 + 1) — (r — 1) = 2, |(H2)| holds with 3 = 1 € (0,1). Moreover, Lemma implies
that is satisfied. Therefore,
0 ifz> Py

lim (1 —dimgJ(a))a® =
a—wo( #7(@)) {oo iflﬂ<%.
Example 5.6 (Continued fractions). Every irrational real number x € (0,1) can be written uniquely

as a continued fraction of the form

1
T = . = [aiazas3...],
a + 1
az as+ ...
where a; € N (see [HW| Chapter X]). The Gauss map, F : (0,1] — (0, 1], is the interval map defined
by
1 1
ri =2 1)
(@) =——|3
where [z] denotes the integer part of the real number x. Note that for z = [a1azas . ..] we have that

F(z) = [azas...] (see [EW] Section 3.2]). The map F restricted to the irrational numbers together

with the Gauss measure
1 1
A= — —d
HiA) In2 /A 11z

satisfies (F1)—(F5) (condition (F2) is satisfied for the second iterate of F', which is sufficient here) and
b* = 1. We have that

M([n]):h}an(HM):1112—53+o(nl4).

where [n] = {z =[a1a2...] € (0,1] 1 a1 =n} = [1 - ) Ryll-Nardzewski [RN|, Corollary 4] proved

n n+l
that if p > 1 then for Lebesgue almost every x = [a1,as,...] € (0,1),
1
lim (af—i—ag—&--u—i—ag)f’ = 0.
n—oo n

The Birkhoff spectrum for these type of power mean averages was studied in [[J2| Section 6], with
less precise information on the asymptotic behaviour. Let r > 1 and 7 : [0,1] — R be defined by
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7(laras...]) = aj. We have that [7dp = oco. Let w(z) = z". Note that condition [(H1)|is clearly
satisfied. We also have the following estimate,

(€ lwn), wln+ 1)) = u(ln)) < .

Thus, [(H2)| holds again with 8 = . Moreover, Lemma implies that |(H3)|is satisfied. Therefore,

[A]
(BS]
(BT]
[DK]
[EW]

[HW]
[

[1J1]
[132]

[1JT]
(L]
[MU1]
[MU2]
[P]
[RN]
[S1]

[S2]
(3]

0 if x> L;

lim (1 —dimgJ(a))a® = ) 156

Qa—00 0 if T < q
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