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ABSTRACT. The shortest distance between the first n iterates of a typical point
can be quantified with a log rule for some dynamical systems admitting Gibbs
measures. We show this in two settings. For topologically mixing Markov
shifts with at most countably infinite alphabet admitting a Gibbs measure
with respect to a locally Holder potential, we prove the asymptotic length of the
longest common substring for a typical point converges and the limit depends
on the Rényi entropy. For interval maps with a Gibbs-Markov structure, we
prove a similar rule relating the correlation dimension of Gibbs measures with
the shortest distance between two iterates in the orbit generated by a typical
point.

1. Introduction. Consider a topological Markov shift (¥ 4,0,Z) on a (at most)
countably infinite alphabet Z with respect to a transition matrix A equipped with
the natural symbolic metric d. The first n iterates of a x € ¥4 under o are the
initial » symbols appearing in z. We are interested in the asymptotic behaviour of
the following quantity:

Mpy(z)=max{k:30<i<j<n—1 o...,Tigp—1 =Tj,...,Tjph—1}, (1.1)

which counts the maximum length of self-repetition. Studying quantities of this
type is often referred to as the longest common substring matching problem. One
motivation comes from the matching of nucleotide sequences in DNA, and early
results were established in the 80s by Arratia and Waterman’s work [2]. They
showed that the length of the longest common substring among two i.i.d stochastic
sequences X1, Xo,... and Y7, Y5, ... taking letters in a finite alphabet with uniform
distribution,

My (X,Y) :=sup{k: Xjypm =Yjym forallm=1tokand 1 <i¢,j <n—k}

satisfies an Erdds-Rényi law

P{ lim M = 2 =1,
n—oologn  logl/p
where p = P(X; = Y7) the collision probability, and —logP(X; = Y7) is often
called the collision entropy or Rényi entropy.
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The result can easily be translated to topological Markov shifts by replacing the
stochastic sequences with two points in the shift spaces ¥ x and ¥y with distribution
Lx, by, and one can verify a similar convergence law holds for M, (z,y) (see [8] and
[7]). In a recent work [3], the authors proved as an improvement of the results in
[7], for subshift systems with an invariant probability measure p admitting good
mixing conditions (more precisely, a-mixing with exponential decay or t¢-mixing
with polynomial decay), the shortest distance between the n-orbit of a typical pair
of points z, vy,

M, (g,g) =sup{k : T +j = Yiy+4, j =0,...,k — 1, for some 1,1y <n —k}

converges to a Rényi entropy for 1 ®* — almost every (z,y) in ¥%. Similar almost
sure convergences are proved for k—point-orbits in [4] for all k& > 2.

The analogous problem for M, (z) is more difficult due to short return phenome-
non. For subshifts of finite type, Collet et al in [6] applied first and second-moment
analysis to the counting random variable N(z,n,r,), which counts the number of
matches of subwords of length r, among the first n iterates in x, there exists a
constant Hs which is the Rényi entropy of a Gibbs measure pu, such that

M, 2
lim <(f> >s> 0,
n—+oco logn H,
that is, JY{);%) converges to H% in probability for typical z. Then one may ask if

this result can be improved to an almost sure convergence, or if the convergence
remains valid when the alphabet is countably infinite. The answer is given by the
following theorem.

Theorem 1.1. For a one-sided subshift system (X4, 0, u, L) admitting a Gibbs mea-
sure p,

. M, (z) 2
lim = —
n—+oo logn H,

for p-almost every x € ¥4, where My, (z) is defined in (1.1).

The existence and uniqueness of the Gibbs measure with respect to locally Holder
potentials for finite Z is well-known (see [5] for reference). For Z countably infinite,
they are characterised by theorems in [17] and [18]. Detailed discussion is in sub-
section 2.2 below.

The counterpart of the longest substring matching problem for dynamical sys-
tems (T, X, 1) acting on non-symbolic metric spaces (X, d) investigates the shortest
distance between the two m-orbits generated by a typical pair of points. To be
precise, we care about the following quantity

Pp— 3 {2
my(z,y) = ogir,ljlghl d (T x, T]y) .
There is a dimension-like object for measures, called correlation dimension (denoted
as Da(), Definition 4.1), which plays a similar role to Rényi entropies for symbolic
systems. In [3] the authors gave an asymptotic relation between my,(z,y) and the
correlation dimension Do(p) for p®?-almost every (z,y), provided good decay of
correlations. Later in [4], this rule is generalised for a typical collection of k points,
(z1,22,...,2%), for k = 2,3,.... Again, we extend the investigation to the one-
point case. Adopting techniques from [11], we will show that for one-dimensional
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Gibbs-Markov interval maps, there is a similar asymptotic relation between m,, ()
and Dy (u), where
— . i i
My () : Ogiinjlélnfld (T'z,Tz) . (1.2)
Theorem 1.2. Let X be a closed interval of R, (X,T) a Gibbs-Markov system and
p a Gibbs probability measure admitting exponential decay of correlations for Lt
against BY observables. Then if its upper correlation dimension Da(u) is bounded
from 0,
1 2
lim inf —& 7 \%) () —
n—oo  — log n Do
for p—almost every x in the repeller A. If i is absolutely continuous with respect to
the Lebesgue measure, then
i 08ma(@) 2
n—oo  —logn Dy

for p-almost every x, and in this case Dy(p) = Do(p) = 1.

Remark 1.3. The proof for this setting is more challenging than that for the
symbolic setting because the open balls defined by the Euclidean metric and the
cylinders generated by the natural partitions disagree. The analysis of short return
to balls is crucial for obtaining the upper bound of %, which is also generally
harder than the recurrence analysis of cylinders. The proof for the lower bound
relies on the 4 — mizing property of Gibbs measures proved in Lemma 4.16.

Remark 1.4. Another difference between the two theorems stated above and the-
orems proved in [3], [4] is that in the single point case, obtaining asymptotic up-
per bounds of M, (z) and m,(x) requires good mixing properties. This should be
expected due to the fundamental difference between one-point orbits and orbits
generated by multiple independent points, the strengthening of assumptions is to
ensure the iterates decorrelate fast enough to behave like an independent sequence
after a relatively small number of iterations.

This theorem is applicable to the a range of systems, for example,

Example 1.5 (k-doubling maps). f : [0,1] — [0,1], f(z) = kx (mod 1) for
k=23,...,and u = Leb.
Example 1.6 (Piecewise affine interval maps). Let {ax}; be a monotonic
sequence with a3 = 1 and limg ay = 0. Then f : [0,1] — [0, 1] with
1
fliakia,an) = ar —arn (z — ap41)
satisfies the assumptions above.

Example 1.7 (Gauss Map). Define the Gauss map G : [0,1] — [0, 1] by
1

- (mod 1) =z € (0,1]

0 z=0

G(z) =

It is a full-branched map. Let ug be the Gauss measure, it is the Gibbs measure
for the potential —log DF' with density % = m, then Theorem 1.2 holds
for (G, pg).
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Example 1.8 (An induced map). Let F be the first return function to [0, 3) of
a Manneville-Pomeau map f : [0,1] — [0, 1]:

x(1+2%%) =ze {O, ;)
f@) = 1
2¢ — 1 T e {2, 1]

for a € (0,1). There exists ur a Gibbs measure with respect to the potential
—log DF (see [15] or [13, §13.2])and is absolutely continuous with respect to the
Lebesgue measure.

2. Preliminaries for Theorem 1.1. We consider the one-sided symbolic dynam-
ics. Let Z be an at most countably infinite alphabet, A a N x N transition matrix
of 0,1 entries and

Ya= {QZ (-7507331a$27-~-) B erAiL’i,fvi+1 = 1}

be the symbolic space. It is equipped with a metric d(-,-) = dp(:,-), for some
6 € (0,1), and

d(g,y):ﬁlw, zAy:=min{j>0:z; #y;}.

-1

Without loss of generality, we may always assume 6 = e The shift space in

question is denoted by (24,0, d), where the left shift map o
UZEA—>ZA, (xo,xl,...)H(xl,xg,...).

When 7 is finite the space (X4, d) is compact. A measure p is o-invariant if for all
measurable £ C > 4

WE) = p(o™'E).
In dynamical systems literature, (X4, 0) is often referred to as a topological Markov
chain.

2.1. General definitions and lemmas. First, we need the most basic notion of
open sets in the symbolic space.

Definition 2.1 (Cylinders). A k-cylinder in ¥4 is a subset set of the form
[J]O,.’El,...,l‘k,l] = {ye Ya: Yi = CI)‘Z,V’L = Oala"'ak_ 1}

The set of all k-cylinders is denoted as C. For any x € X4, let Cx(z) be the

k-cylinder containing z, i.e. Ck(z) = [xo,21,...,2—1]. Cylinders are generating

in the sense that any subset in ¥4 can be represented by a countable union of
cylinders. Also, cylinders are also the open balls defined by the symbolic metric d.

Definition 2.2 (Rényi entropy). For each n € N, ¢ > 0, define the quantities

)= Y w(o). (21)
ceCy,
The Rényi entropy (with respect to the natural partition given by the alphabet 7)

of the system is given by
log Z,,(1
Hy() = tim 2820, (2.2)

n—+o0o —n

whenever this limit exists, and the generalised Rényi entropy function is

log Z,
R, (t) = liminf Ln(t).

n—+oo  —itn



CLOSEST DISTANCE BETWEEN ITERATES OF TYPICAL POINTS 5

In the information theory context, this entropy is also called collision entropy for
Bernoulli systems, as it reflects the probability of two i.i.d. random variables coin-
ciding i.e. Ho = —logd_,;p? = —logP(X =Y).

Rényi entropy does not always exist, especially when the alphabet is not finite.
For the finite alphabet case, Haydn and Vaienti proved in [12, Theorem 1] that R, ()
converges uniformly on compact subsets of R* for all weakly t-mixing invariant
measures, in particular, if ¢ is a Gibbs measure, Ho(p) = R,(1) = 2Pop(¢) —
P,op(2¢) where Py, is the topological pressure. For infinite alphabet Markov chains,
Rényi entropy is obtained in [9].

Definition 2.3. The system is said to be ©-mizing, if there is some monotone
decreasing function ¥(-) : N — [0,00) such that for all n, k, all E € C,, and all
F € C*, where C* = U;)io Cj,
wENo™ " FF)
n(E)p(F)
A measure is called quasi-Bernoulli if there is some constant B > 1 such that for
any finite words i, je C*

— 1| < (k). (2.3)

u((ij]) < Bu([i])p([))-
Automatically, ¥-mixing entails the quasi-Bernoulli property.

Lemma 2.4. If the probability measure p is v¥-mixing with ¥ (-) summable, there
exists constant p € (0,1) such that 1(C) < p™ for all C € C,, and all n.

The proof is given for finite alphabet case in [10] which remains valid for countable
alphabet case.

Notation. For two sequences {ay }r, {b }r, the following notation is inherited from
[6, Def 2.9].

Say ap = by, if log ay, —log by, is bounded, or equivalently the ratio

b | is uniformly

bounded away from 0 and +oc0.
Say aj =< by if there is {cg }x such that ap < ¢ for all k, and by =~ cy.
Both relations are transitive.

Notation. The following notation is also used.

(1) For each w € N and any finite word (zg,x1,...,2x—1) of length k > 2, the no-
tation (zo, 1, ..., zr)* means the word is repeated w-times whenever it is allowed.
(2) For any z € ¥, denote the k-word starting from position m by

Inc@ = (CCm, Tm+1y--- a$m+k—1)-

(3) The indicator function of a set E is denoted by 1g.

(4) The expectation and variance of a random variable X are denoted respectively
by E[X] and Var[X].

(5) The cardinality of a set E is denoted by #E.

T

2.2. Thermodynamic formalism for Gibbs measures. In [6] the authors con-
sidered the substring matching problem for a single point in a Markov subshift
system, the relevant measure p is Gibbsian with respect to a locally Holder po-
tential. In this section, we will provide conditions and lemmas which enable us to
include certain types of countable Markov subshifts. The majority of references for
this section can be found in [17] and [18].



6 BOYUAN ZHAO

Definition 2.5. A potential ¢ : X4 — R is called locally Holder if there exists
My >0, ¢ € (0,1) such that for all k > 1, varg(¢) < MyC* where

varg(p) := sup{‘gb(g) — qﬁ(y)’ cxp =y, Vi< k— 1}.

Definition 2.6. The system (X4, 0) is topologically mizing if for all a,b € Z, there
is ng € N such that for all n > ny,

[a] Mo~ [b] # 0.

The system has big image and preimage property, if there is a finite subset S C Z
such that for any a € Z, there are by, by € S such that [by abs] # 0. This condition
is trivially satisfied for all subshifts of finite type.

Definition 2.7. Given a potential ¢ on X4, a o-invariant measure p is said to be
G'ibbs if there are constants ¢y > 0, P € IR such that for each m € IN,

1 < w(Crm(2)) .
¢ = exp(—mP + Spo(x) ~ 7

where S, ¢(z) = 22’51 P(c'z).

Definition 2.8. Let ¢ be a locally Holder potential, the partition functions with
respect to ¢ are defined by

Puga)i= Y e50@, (2.5)

To=a

(2.4)

for each a € Z, and the Gurevich pressure Pg(¢):
1
Ps(9) := nhﬂngo - log P,,(¢, a). (2.6)

For topologically mixing countable subshifts, Pg(¢) exists and is independent of
the symbol a € Z ([17, Theorem 1]).

The existence of Gibbs measure for a countable topological Markov subshift is
characterised by the following theorem:

Theorem 2.9. [18, Theorem 1],[17, Theorem 8] Let ¢ be a locally Hélder potential,
(X4,0,T) topologically mixing , then ¢ has an invariant Gibbs measure p if and
only if the system satisfies the big image and preimage property and Pg(¢) < oo.
In particular, let Ly be the Ruelle-Perron-Frobenius operator associated with ¢,

Lof(x) =Y *Wf(y),

oy=z

then X = eP5(®) is the eigenvalue of Ly and the eigenfunction h is uniformly bounded
from 0 and oo, also Pg(¢) = P for P in (2.4).

Remark 2.10. It is shown by [17, Theorem 3,Theorem 8] that the Gibbs measure
given in Theorem 2.9 is the unique equilibrium state which realises the equality
below

Pg(¢) := sup {hu + /gi)dy : v is ¢ invariant and /d)du > —oo} .

We will need the following lemmas for the proof of Theorem 1.1.
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Lemma 2.11. For subshifts of finite type or countable shifts satisfying the assump-
tions of Theorem 2.9, if p is the (unique) Gibbs measure with respect to a locally
Hélder potential ¢, it has exponential rate W-mizing for cylinders.

Proof. For T finite, one can verify exponential decay of ¢ with [5, Proposition 1.14].
For countable Z, because the corresponding Gibbs measures for two comohologous
Holder potentials coincide, without loss of generality, one can assume L1 = 1,
which implies Pg(¢) = 0 and the conformal measure v identifies with the Gibbs
measure u on cylinders.

Firstly, by locally Holder property of ¢, there is M; > 0 such that

eSnd(@)=Snd(y) _ 1 < Myd(z, y) (2.7)

whenever there is a € Z such that z,y € [a]
Also, as the invariant density is uniformly bounded from 0 and +oo, there is
M5 > 0 such that for each n-cylinder C € C,, for all z € C,

My teSn9@) < 1 (0) < MyeSnd@), (2.8)
Now define the norm for real-valued function f acting on ¥4,

Ifllz == [[flloe + Ds f,
where (3 is the o—algebra generated by {c[a] : @ € T} and

P R 1]
a bep z,yeb d(z,y) .

The operator Ly : Lip1 3 — L where the spaces are defined by Lip; g := {f : ¥4 —
R:||fll1,Daf <oo}and L:={f:X4 = R:|fllr < oo}
Consider E = [eg,€1,...,6n—1] € C, and F € C*, as Lip=p,

‘ (ENno™ ("+k)F ‘* ’/]lE lpoo™™du— /]lEdlt/]leﬂ‘

< ’/]IF ((ﬁngk]lE) —/]115 du) dﬂ‘ < u(F) “ﬁngk]lE —/]1F dMH

< u(F) Hﬁ’;(ﬁgu) - [ 31sd
L

It is a standard fact (see for example [1, Theorem 1.6] or [17, Theorem 5]) that
there are Ky > 0 and k € (0, 1) such that

S K¢I€k||£g]lE||L.

’ﬁ’;(cgn,;) — /cgnE du
L

Claim. ||£Z]1E||L < M3u(E) for some M3 > 0.

Proof of claim. It is easy to see for each F € C, and z € ¥4, there is only one
z € E =eg,e1,...,en_1] such that 6"z = z, i.e.

= (607...,€n_1,$0,$1,...),
hence by (2.8), for all z,
£¢]1E Z eSn ¢(y)]1E )_ eSné(2) < Mou(E),

ohy=x
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and for z,y € [b] € B, by (2.7)

|521E(§) _ ﬁZIIE(y)} < Z eSnd(w) | oSné(2)—Sn(w)—1

< Mop(E)Mid(z, y),

this gives Dgﬁg]lE < w(E)MiMs, and the claim is proved with M3 = My(1 +
My). O

The proof of lemma follows from the claim. O

Now we will show that for countable topological Markov shifts, Rényi entropy
of the Gibbs measure p exists and is given by a formula involving the pressure
function. The analogous statement for subshift of finite types is mentioned in [12]
and is easy to verify.

Lemma 2.12. Under the assumptions of Theorem 2.9, for u the unique Gibbs
measure with respect to ¢, the Rényi entropy Ho(u) exists and is given by
log Z,, (1
Ha(p) = tim 282 (L)
—n

n— 0o

= 2Pg(¢) — Pa(29).

Proof. Firstly, Hs is clearly non-negative. By definition (2.1) and (2.4), for By :=
Zk21 varg (d))v

Znik()= Y wC? <} > exp(Snird(z) — (n+k)Ps)
CeCpir CeCpir
< cje*?1 Z,(1) Z1(1),
so —log Z,(1) is almost subadditive, and the limit % exists, in particular,
every subsequence converges to the same limit. Suppose z is a periodic point with
period k, then for all n, since p(Cni(z))* < Zni(1) = Y oee,, M(C)?,

lim inf — 2108 ¢ + 2(Snid(@) —nkPe) _ oo logZn(1)
n—00 nk n—00 n

Since z is periodic, Sppd(z) = nSpo(z) and both Pg and Sk¢(x)/k are finite, we
get lim sup,, % < 00.

Combining the BIP property and locally Holder property with [17, Lemma 4]
one can show that

1
lim sup — log Z exp | sup 25, ¢(z) | < Pa(26),
n—oo N cec, zeC
together with the Gibbs property we have,
1
limsup —log » ~ p(C)* < Pg(2¢) — 2Pa(9).

Also for each C' € C,,, there is at most one z € C such that ¢z = x, thus

> u(C)? zeyte e N " exp (sup 25n(¢(x))>

CeCn CeCn zeC
>cyte el N exp (2800(2)) = ¢ e P, (20, a),
otx=zxeC

C€Cn, CCla]
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which implies
lim inf log Y u(C)? > Pa(2¢) — 2Pa(9).
e dee,

Then putting the inequalities for lim sup and liminf together,

lo C)?
Hy = lim chEcn w(O)

n—+oo —n

— 2P4(¢) - Pu(29). O

Remark 2.13. Tt is also easy to see that Ha(u) < 2h,, for all invariant probability
measure v: for all z and all n € N,

log Zn(1)  2logv(Cn(z))

—n —-n

By the Shannon-McMillan-Breiman Theorem, the left hand side converges to 2h,
for almost every gz, therefore limsup,, % < h,. So the Rényi entropy is finite
whenever the measure-theoretic entropy of v is finite.

For simplicity, denote o« = % The following lemma is crucial for approximating
the values of Z,(t).

Lemma 2.14. For countable Markov shifts satisfying the assumptions of Theo-
rem 2.9, for u the invariant Gibbs measure, we have a > 0 and

Zp(1) = > p(C)? m e,

CeCy
and for each t > 2,

Zi(t—1)= > p(C)" 2 et
CeCy

Proof. Let by, := maxc,c, (C), then by Lemma 2.4 "o u(C)? < b, 3 pu(C) <
p", hence

log Z,,(1 -1
lim inf Lﬂ() > liminf ibn

n—0o0 b 1 n— o0 -n

> —logp > 0.

The approximation formulae are from [6, Lemma 2.13]. They were originally proved
for finite alphabets and the proof remains valid if one combines with [12, Theorem
1 (IV)] which holds whenever the relevant measure admits exponential decay of
cylinder measures. O

3. Proof of Theorem 1.1. We will use dynamical Borel-Cantelli argument to
show separately:

M, (z) 2
lim sup ——=% < — 3.1.1
noier logn — Hy (311
and
M, (z) 2
lim inf — > — 1.2
ns oo logn — Hy (3.12)

for p-almost every z € ¥ 4. Together they give

M, 2
lim Mn(z) = —.
n—oo logn H,
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3.1. Upper bound (3.1.1).

Proof. Set
1
e — (logn + loglogn).

As M, (z) = r, implies the return time of some iterate of z under o to some -
cylinder is strictly less than n, we need to approximate the size of short return sets
in the system in order to apply Borel-Cantelli Lemmas to obtain almost everywhere
statements. Hence, as in [12] and [6], we intend to solve this by considering different
cases of overlapping between r,-substrings in x.

Owverlapping analysis. Let r, be given; if r, is not an integer, we simply take the
closest integer since when n — +o0o, r,, — +00 it will not make any difference in
terms of limiting behaviours. Let us define the following auxiliary sets.

Sk(rn) = {g EXq:0fx e Crn(g)} )

In other words, it is the set of points whose return time of z to the r,-cylinder
containing itself is k, and

n—1ln—i—1
p ({z : Ji, k such that d(o'z,0"Fz) <e )< (U U T Sk(rn ) . (3.2)

=0 k=1

In order to obtain good estimates of u(Sk(r,)), we consider three separate cases
according to the range of k.

Let
n—1[rn/2]

Yo =Xo(n) :=p U U T Sk(rn)

=0 k=1

Similarly, set

n—1 Tn
21 = U U U Uﬁisk(rn) 5

=0 k=|r,/2]+1

and
n—1 n—i—1 )
So:i=p (U U O'lSk(Tn)> .
i=0 k=r,+1
Moreover,
p({My, > rn}) < p(My, > ry) < Zog+ 31 + Zo. (3.2)

Yo: Return time 1 < k < [r,/2]. Let wp = |%2] and 0 < 4 < k so that r, =
kwi+7i. Thenif x € 07"Sk(ry), z; = 2, if j = I (mod k) for all j, [ € [i,i+r,+k—1],
therefore o’z has the following form:

T k .k k Yk _ w +1 ’Yk
o'z = (xl-,:cl-_Hc,...,xi+kwk,mi+k%+1,...) = ((@i, -, Tigr—1)** H_,Wﬁ_l,...) ,
that is, a k-word (2, ..., x;4x—1) will be repeated fully for wy + 1 times, followed

by a truncated ~yi-word with the same initial symbols. Also, for each k < |r,/2],
there is at least one ¢ = £}, € [[r,/4], |7n/2]] such that £ is a multiple of k, meaning
that € 07 Sk(r,) € 074Sy(r,) where the ¢ word is fully repeated wy, +1 < 5
times, i.e. we may interpret o’z as

o' (z) = (T4, i1 ooy i 1) )% ).



CLOSEST DISTANCE BETWEEN ITERATES OF TYPICAL POINTS 11

Therefore for each k < |r, /2], by the quasi-Bernoulli property,

p({z: oz e G, (0'2)}) = u(Sk(ra)) < p(Se(ra))

B Y WO < B ),
C[k €Cy

where p is a given by Lemma 2.4. As r, < fpwy, < 1p+ 1, e @%@ < gm0 by
definition of r,,

Zy, (wi) = e~ Wyt Dl < gmarn < exp (—logn — loglogn) < ,
nlogn
For each i <n—1and 1 <k < [r,/2], we can omit 0~ Sg(r,) if 2k <n —i—1
to avoid overcounting the redundant terms because =4S (r,) C 0~ Sax (7, ), hence
for ¥y we only need to consider points x such that o’z has short return time and
i>mn—ry. Asr, is in the scale of logn, we may choose n large such that r,, < n'/2
so that by Lemma 2.14,
Lrn/2J BG,,,Q 1

Yy < B¢ kZ < BSp2emamn < = n < _
0 ; o (wey) X Blrge ~ nlogn ~ logn

(3.3)

¥1: Return time |, /2] +1 <k < r,. In this case, 2 € 0~ "S(ry,) implies z; = z;
if j =1 (mod k) for all 4,1 € [i,i + r, + k — 1], hence o'z has the form

T, rn—k _2k—r, rn—k _2k—r, rn—k
ox= (xz ' Titr,—koTitk > Tigr, >Titok )
_ rn—k _2k—r, rn—k _2k—r, rn—k

= (mz T e T T s

that is, the (r,, — k) word starting from z; is repeated three times, separated by two
identical (2k — r,,) words. Hence by Lemma 2.14 and the quasi-Bernoulli property,
the following upper bound for y(o~*Sk(ry)) holds:

IU/(O'_iSk(Tn)) = /’L(Sk(rn)) < BG Z M(C)3I'L(D)2 = BGZT'Mfk(2)Z2k7T"(1)'
ceCr, —k
DeCak—rp,

As a >0,
S <BS > (n—k)Zn,1(2) Zok—r, (1)
k=|rn/2]+1
=< zn: (n _ k)e—a(S(rn—k)-&-Q(Qk—rn))
k=|rn/2]+1
= 3 (ke <ot ST (no k) < rune 30
k=|r,/2]+1 k=|rn/2]+1

1/2

nry n-’“n 1

< < <
“(nlogn)3/2 = (nlogn)3/2 ~ logn’

(3.4)

Yo: Return time r, +1 <k <n—i—1. In this case, k—ry > 1 and z € 0~ 'Sk (7,,)
implies ", the r,-word starting from position ¢ of z, is repeated from the i + k
entry without any overlapping with itself, i.e.

1. ™o o k—Tn _Tn _ o k—Tn _.Tn
or= ($l i ,xi+k,...) = (xi v i > Ty ,)
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then by the -mixing condition,

o™ k() < (L4 (k=) > pl(C) = (L+ (k= 1)) 2, (1),

ceC,,
therefore
n—1 n—1
S2< D (n=k)ulSk(ra)) < Y (n=k)(1+ Pk —rn)Zy, (1),
k=r,+1 k=rp,+1

Given that (14 ¢(k)) is monotonically decreasing in k,

n—1 n—1
S e 2 > (n—k)(L+ (k=) < (L+p(1)e ™ > (n—k)
k=r,+1 k=r,+1
—2ary, 2 1 +1/}(]') 1 +w(1)
<(1+4(1))e n® < (Tog )2 < logn (3.5)

Then, combining (3.2°)-(3.5), there is some constant K; > 0 independent of n such
that
1

logn’

M({Mn > Tn}) <K

Using the technique in the proof of [3, Theorem 5], picking a subsequence nj = ek’ ,
then for all k£ large enough,

1
H({Mnk > rnk}) < Klﬁ’
then by Borel-Cantelli Lemma, for u-almost every x € 34,
My, (x) < 7y

which implies for all £ large enough,

<
logny — a—c¢ log ny,

Now taking the limsup of the inequality above, and since M, (z) is non-decreasing
in n for all z, for each n, there is a unique k such that ny <n < ngy; with

lOgTLk . Mnk (g) < Mn(@) < Mnk+1 (Q) . lognkJrl

3.6
logngy1  logng — logn — logngy1  logng (36)

the following inequality holds for all £ > 0 small,

M, M, 1
lim sup n(2) = limsup —= (@) <
n—+4oo lOgMn n——4oo lOgMNg a—¢e
since
log ng41 log log n

lim =1, and lim ———— =
k—+oo logmny k—+oo logny

Then (3.1.1) is proved by letting e — 0 O
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3.2. Lower bound (3.1.2).

Proof. We apply a similar second-moment analysis as in the proof of [6, Theorem
4.1]. Let
1
=—A1 log1
rn =~ (logn + floglogn)
for some uniform constant 3 < 0 to be determined later. Since o'**z € C,. (o'z) if
and only if z € 07%Sk(r,,), then we can define the random variable S,,:

n—2r,—1n—i—1 n—2r,—1ln—i—1
z-‘rk:
= > D Lo > Y L@, (387
1=0 k=2r, =0 k=27,

which counts the number of times that z is belongs to some o ~¢Si(r,,). As M, (x) <
rp implies for all 0 < i <n—1,1<k<n—i—1,2 ¢ 0~ 'Sk(r,), and in particular
not in the o=S(r,,) sets with k > 2r,,, therefore
{Mp(z) <rn} C {Su(z) =0}
and by Paley-Zygmund’s inequality [16],
Var[S,] _ Var[S,]
M, nt) < Sp(z)=0}H < < . 3.8
p({Mn(z) <rn}) < p({Sn(z) = 0}) Bz = BS,P (3.8)

By definition of =¢Sy(r,,) with k > 2r,, this set corresponds to the set of points
in which an r,-word repeats itself at least once with at least an r,, gap, therefore
we have the following lower bound using the i-mixing property,

M ({Crn (c'z) = Crn(ai+k£)}) =K (U_iSk(rn)) = Z pCna*C)

cec,,
>(1=(k—ra)) D w0 = (1= (ra))Zy, (1),
cec,,
therefore .
E[Sn] 2 5(1 = 4(rn))(n — 2r,)2Zy, (1). (3.9)

Next, we need to consider

n—2r,—1n—i—1n—

= > > Z (07 Sk(rn) N oI Si(rn))- (3.10)

4,j=0  k=2r, 1=2r,
Define the index set
F={04kl):0<éjij<n—2r,—1,2r,<k<n—-i-1,2r, <l<n-—j—1},
then

B[S} = > wlo " Sk(ra) No7Si(rn)), (3.10")
(i,4,k,1)EF
and the cardinality of F' satisfies

n—2r,—1 n—2r,—1
#F:( > n—i) Y on—j §1(n—2rn)4.

1=27, J=2r,

—

Define the counting function by

0:F — N, 0(7';]7 ka l) = Z ]]'(a_rma"'r")(b)’
ae{i,itk}
belj.i+i}
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i.e. it counts the occurrences that two indices in {i,5,% + k,j + {} are r,-close to
each other; 6 > 0 translates to overlapping between some r,, words, e.g. |[i —j| < ry,
implies the r, word x;" overlaps with the r, word x m and both r,-strings are
repeated later.
By our definition of S,,, for each quadruple (3, j, k, 1), necessarily k,! > 2r,, which
implies
9(7’7]’k7l) S 27 V(Z7]’k7l) G F?

which allows us to split (3.10") again into 3 components,

<Z+Z+Z> 07 Sk(rn) NI S(rn))

Fo Iy
where Fy = {(i,4,k,1) € F: 0(i, 4, k,1) = t}.
Clearly,
1
#Fy < #F < S (n— 2r,)%.

For each (4,7, k,1) € Fy, if we fix any three indices, for example, if i, j, k are fixed,
j + 1 can be r,-close to either ¢ or ¢ + k as it is automatically 2r,- apart from j,
hence there are at most 4r,, choices for the remaining index [. Hence

#F < 2r,(n —2r,)%,

and similarly if we fix any two of 7,7, k,[ in Fy, there are at most 272 choices for
the remaining two indices, therefore

#Fy < 2r2(n —2r,)%

Contributions of indices in Fy: We will consider the sum over indices in Fj first.
Since (i,j,k,1) € Fy implies no overlapping, z € o7 *Sk(r,) N o™7S5(r,) implies

Tn _ .Tn Tn _— 5Tn 5 3 3 3
x;" =}y, and 23" =z, while the symbols in these two ry-strings are indepen-

dent, e.g. when i + k < j, x has the following form:
Uig = (x;‘n’ s 7',17;1]@7 Litk+r,s Litk+r,+1s--- 7x;n> s 7$§il e )
:(:L‘Z",...,x;",...,x’?",...7xr-"7...).

Hence by -mixing property

(o™ Sk (ra) No ™I Si(rn)) < (149 (vij 1)) Zr, (1)%, (3.11)
where

Yijkl = mln{|aib| —Tn: avb € {7’7]77’+k7] +l}}
Let F§ C Fy be defined as

F(S = {(Zv.]a kvl) € FO CYijkl Z Tn}a
and F}/ := Fy \ F}. Notice also that #(F{}') < 2r,(n — 2r,)3.
Define the notation for any G C F,
E[SZ|G] = Z H (U_isk(rn) N O—_jSl(rn)) .
i,4,k,l€G

Then, using (3.11),

E[Sh|Fg) = Z u 07" Sk(rn) N7 Si(rn)) < (n = 2r)* (1 +4(9))* Zy, (1)?,
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By Lemma 2.11 9(r,) < 7, ! for all n large enough, then
(L4 ¢(rn))* = (1= 9(ra)* < (L4 0(rn))” = (1= ¢(rn))°?
1

=2¢(r) (24 20(r)* + 1 —9(r,)?) < 2r, ' (34 1,2) <8t < Togn (3.12)

using (3.9) with (3.12), as #(Fj) < $(n — 2r,,)?, for some constant Ky > 0.
E[Sa1Fg] — B[S, _ (0= 2r)*Z,, (1) (1 +$(m))* = (1 = $(rn))?)

E[S,]? N (n—2rp)* (1 —(rn))?Zy, (1)2
(L+9(ra))* = (1 = 3(ra))? 1
= 0= o0 < otogn (3.13)

And for the sum over F{/, the term 1 + ¢(;jxi) in (3.11) is uniformly bounded
above by 1+ ¢(0), and 1 — t(ry,) > 3 for all n sufficiently large, therefore
E[S’?L|F6,] - rn(n — 27%)3(1 + w(O))?’Zrn(lV = n
E[S.)2 ~ (1 —%(ra))2(n—2r,)*Z,,(1)2 ~ n—2r,
hence for some K3 > 0 and all n sufficiently large,
E[Sh | Fp] 1
< K.
E[S, ]2~ ‘logn

(3.14)

Contributions of indices in Fy: Next, for (i,7, k,l) € Fy, without loss of generality,
suppose only |[i —j| = r < rp, i < j and i + k < j 4+ 1. The other cases are
treated exactly the same since the order of the r,-strings does not have any effects
on estimations of the upper bounds for pu(o =4Sk (r,) No=7S;(r,)).

An z G'J’sz(rn) No 18 (ry) means T, = &j, Tifrgl = Ljt1,y -, Titr, =
Zj+r, 50 o'z has the following form:

olw = (" " a L a )
— r Tn—T r T Tp—T Ty —T r
= (af, 2l e T e )

then using the quasi-Bernoulli property and Lemma 2.14, for B > 1 the relevant
quasi-Bernoulli constant,

(o™ Sk(ra) N0 Si(ra) < B Y7 pu(APu(B)?u(C)? = €2, (1) 2y, -1(2)

A,BeC,
CeCrpy—r

< B106—4arne—3a(rn—r) < BlOe—Sarn.

Recall that r, = 2= (logn + Bloglogn) and

e ™ = (n(log n)ﬁ)_‘%’a =n~a+= (log n)_%
hence for all n large enough such that
(nn_ai% <1, (3.15)
by (3.9) and (3.15) above, as 8 < 0,
E[S2|F] - 2r,, (n — 2r,,)2 Bl0e=3n
E[S,)> — (n—=2rp)*(1 =¥ (r0))? 2, (1)?
rpe 30T 1 logn + Bloglogn

T (n—2ry)e o T ate (n—2r,)em
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logn (logn)ttPatzpate

IA

(n —2r,)e=orn n— 2r,

< (logn)(1A0-5%)).

For all 0 < ¢ < o such that 1 — aia >

>
ﬂ:747

%, one can choose

hence

£
1 1- <-1
wa(1- ) =

which is sufficient to conclude that for some constant Ky,

E[S2 ) _ . 1

E[S,)2 — 410gn' (3.16)

Contributions of indices in Fy: Finally for indices in F5, it is enough to know that
for any x € 07" Sk(ry) No~7S;(ry,) there is some r,-word repeated twice, so we can
bound the measure of ¢Sk (r,,)No ™7 S;(r,) for each (i, j, k,1) € Fy, by Lemma 2.14,

B* Z /,L(C)Q ~ Ble 2T,
cec.,,

Then for 8 = —4 and all n verifying (3.15), as (1 — ¢(ry,)) is uniformly bounded
from below, by (3.9),
E[S2|Fy]  2r2(n—2r,)?Ble 2
E[S.2 — (n—2r)4(1 — (ry,))2e 4o

2 2a
~ r nete 2426 7%
~ s rn)ge*m’”" = (n—2r)? (logn) +

e

< (logn)*"PU=55=)) < (logn)~2,
and it follows that for some constant Ky > 0,
E[S2|Fy] 1
o <K .
E[S,2 =’ (logn)?

Then, combining (3.8) (3.107) (3.13)-(3.17), there is some constant Kg > 0 such
that

(3.17)

1
logn’

,LL({Mn < 7qn}) < Kg

hence we can repeat the trick of picking a subsequence ny = [ek2], and apply Borel-
Cantelli Lemma to the sum > 2, u({M,, < r,,}) < +oo, which means for all k
large enough,

M,, (z) < 1 1 4log log ny
logn, ~— a+¢ log 1y, ’

then taking the liminf on both sides and apply the arguments which validate (3.6),

M, L My, 1
lim inf (z) = lim inf £(2) > ,
n—+oo logmn n—+4oo  lognyg a+e

then (3.1.2) is verified by letting & — 0. O
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4. Gibbs-Markov interval maps. This section is inspired by [3], [11] and [13],
and we will prove an asymptotic behaviour for m,,(z) for p-almost every x, where
the dynamics are interval maps with a Gibbs-Markov structure. Let us first define
the measure theoretic dimension object.

Definition 4.1. Suppose T : X — X is a measurable map with respect on the
probability space (X, ). Define the upper and lower correlation dimension of p by
1 B d
r—0 log r
_ 1 B d
D) — i 2B HB) du(x)
r—0 logr
respectively, and simply write Dy(p) when the two limits coincide.
Clearly, Da(m) =1 for m the Lebesgue measure.

)

Definition 4.2. Say the metric space (X, d) satisfies the bounded local complezity
condition if there exists Cp € IN such that for each r > 0, there is k(r) < oo, and
{a1,23,. .., 2}, } € X such that

k(r)
X C U Bz, )
p=1

and each z € X belongs to at most Cy elements of { B(x), 21")}];(:1).

Any compact subset of R has bounded local complexity: compact implies totally
bounded which gives k(r) < oo for all  and Cy can be chosen to be 4 because one

can choose an r-net such that d(z},z%) > r for i # j € {1,...,k(r)}.

Definition 4.3. (Piecewise expanding interval map) Let X be a closed interval
in R, T : X - X is a piecewise expanding interval map if there is a (at most)
countable partition P = {I;,I5,...} for T such that T is differentiable on each
Ij; and there is a uniform constant v > 0 such that |DT7, | > 7. An n-cylinder
[0, 21, ..., T,_1] With respect to the partition P is given by

n—1
[l‘o, Tiyen., ajnfl] = ﬂ T_q’Pwi.
i=0
Then a point x € X has a symbolic representation

o0
z = (xg,21,...) ifz € ﬂ T7'P,,.
i=0
Denote P,, := \/;l:_o1 T=IP.
We require the following conditions on the probability preserving system (T, p).
e Say T : X — X has exponential decay of correlation for BV against L'
observables, where BY := {¢ € L*(m) : ¢ has bounded variation.}, if there is
B : N — R with §(n) = C1e~ ™ for some C, ¢; > 0,and forall f,g: X — R,
feBVandge L',

/f-goT”dM—/fdu/gdu’ < 7 lsvllgllB(n)

where the norm ||f|lgy = ||flli + TV(f), and TV(f) stands for the total
variation of f. In particular, if f is an indicator function of some measurable
ACKX, [Ifllsy =2 and [|f[ly < 1.
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e T has bounded distortion, that is, there is Cpq > 0 such that for all z,y € I €
P,
1 < DT"(x)
Cra — DT”(y)
Definition 4.4. (Gibbs-Markov maps) The map 7' : X — X is said to be
Gibbs-Markov if

e T'(P) is a union of elements in P and T'|p is injective for all P € P.

e Let ds be the symbolic metric as, ds(z,y) = e Y. The map logg|p is
Lipschitz with respect to ds for each P € P, where g = %.

e When the partition does in fact contains infinitely many continuous compo-
nents, we assume there is dg such that |T™(I)| > &y for all I € P, for all
n > 1. Otherwise, &y is a positive constant such that |I| > §p for all T € P.
This is also known as the big image property.

< Chg.

Remark 4.5. For a Gibbs-Markov map defined above one can check that there is a
measure p verifying the inequality for n-cylinders as (2.4) holds for T', and because
the system is conjugate to a topological Markov shift satisfying the conditions of
Theorem 2.9, the invariant density h = du/dm is bounded from 0 and +oo.

Definition 4.6. The repeller A of T is defined as the following:

A::{xGI:Tk(J:)G UPforaHkEO}.

PeP

Before the proof our quantitative result for limiting behaviour of m,,, following
the convention in [11], define the following quantities,

a(n) = (logn)?

ms(z) == min d(T'z,T'z),
0<i<j<n
li—j|<a(n)

> — ; g J

m; (x) : ogrilgjn<n d(T'z, T ),

li—j[>a(n)

m; (z) = 0<rzn<ig/3 d(T'z,T'z) ,
2n73§j<n

Then, Theorem 1.2 can be rephrased as the following.

Theorem 4.7. Let T : X — X be a piecewise expanding map as Definition 4.3
with a Gibbs-Markov structure defined in Definition 4./, and u its invariant Gibbs
measure admitting exponential decay of correlations for BY against L' observables,

then one has
log m; (z) < 2

lims —_—. 4.1.1

e —logn D, ( )
If pu is absolutely continuous to Lebesgue measure m, Dy = Dy = 1, and

. log ms () 2

| — L —, 4.1.2

WP logn = D, (412

for u-almost every x € A. Then as m,(z) = min{m>,m> (z)},

1 n 2
lim sup 28 T) (z) < —=2.
n——400 — logn D2
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Theorem 4.8. For all Gibbs measures p, for p-almost every x € A,

>
lim inf M > 2

—. 4.2
n— 00 —logn - D2 ( )

Since —logm,, > —logm.”,

. logmy,(z) 2
lim ———— > —
n—oo — log n _D2
for p-almost every x € A.

Then these two theorems together imply Theorem 1.2, i.e. if u is absolutely
continuous to the Lebesgue measure m,

lim 28Mn(@)
n—oo logn

p-almost every x.

Remark 4.9. The proof of (4.1.1) uses ideas from the proof of [11, Proposition
1.10], whereas the proof of (4.1.2) requires estimating the measures of sets of short
return points. Along the proof, one will see also that (4.1.1) and (4.2) hold for all
Gibbs invariant measures with exponential decay of correlations and Dy(p) > 0.

For Gibbs acip p, the correlation dimension is well defined in the sense that
Do (1) = Dy(p) = 1, because the invariant density with respect to Lebesgue measure
m is uniformly bounded hence Dy(p) = Da(m).

The following lemmas are analogous to [11, Lemma 3.1, Lemma 3.2], which can

be proved by replacing their p,(f) functions with indicator functions.

Lemma 4.10. For all z,y € X, let 1,, = 1B(w;,2r)7 if X has bounded local
complexity defined in Definition 4.2,
r)

]IB(LU,T) (y) < ]1P7T'('r)]lp77'(y) < CO]IB(:EAT) (y)
1

=
—~

]
Il

Lemma 4.11. The following equations hold.
k(r 2
log Zp(zl) (.f ]]‘paTd/'L)

lim su =D
r—)Op IOgT 2(/“‘) (43 1)
. ) 3.
.. . log ZI;(zl) (f ]lp,rd,u) .
lim inf = Dy(u),
r—0 logr

which means for any € > 0, there is ro > 0 such that for all 0 < r < rg,

- k(r) 2
rPate < Z </ 1,, d,u) < rlee (4.3.2)
p=1

Also, for simplicity, the following definition is introduced.

Definition 4.12. A term is said to be admissible, which is a notion introduced by
the authors of [11], if it has the form r~*g(n), for some k > 0 and a function g
which decays in n faster than any polynomial of n, hence for any k € N, by (4.3.2)
and choosing the scale of r as in (4.4) below we can bound any admissible error by
O(n=*) for all n large.

Now we can prove (4.1.1).
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Upper bound.

Proof of (4.1.1). Let g,7 > 0 be given, in particular, r should be small enough that
it verifies (4.3.2). Define the random variable S;”,

Sy(@) = > Iy (T'2)l,,(TV2).

0<i<j<n
li—j|>a(n)

By Lemma 4.10, {m; (z) <r} C {S; > 1}. Therefore, by Markov’s inequality and
decay of correlation,

k(r)
WS @ = DSBS = 30 3 [ 1 (T, () dute)
0<i<j<n p=1
j—i>a(n)

k(r) 2
< 2 Z((/ 1y +ﬁ<a<n>>||np,r||8v|11p,,.||1>

0<i<j<n p=1

j—i>a(n)
k(r)
< > P 3 S el Blan) by (4.3.2)
0<i<j<n 0<i<j<n p=1
k(r)
< n2rR2—e 4 Ope=rloan) 2 Z 2u(B(xp, 21))
p=1

< n2rl2—e 4 20,y e (log n*p2,
The last inequality follows from the definition of bounded local complexity

(r) k(r)
u(B(zp,2r)) :/Z]lp,r(y) du(y) < /Co du(y).

=

=1

=

Then picking

242¢

2 _
+ee (log n 4 log log n)) <n D2 (4.4)

2
r=r,=exp|—
o= (-5
for all n sufficiently large,
n27,.n22—6 + 20001n2e—cl(logn)2 < n—25 + 200017126_61(1()%”)2.
and as e—¢1(logn)? decays faster than any polynomial of n, the second term on the
right is admissible by definition, meaning that there is some constant Cs > 0 such
that for all n large enough that n=¢ < —1—:

logn*

C.
p(my (z) <r) <E[S;] < Con™*° < 1Og2n.

Therefore, eventually for p-almost every x,

logm;; () < 24 ¢ ] log log g,
—logny ~— D,—¢ log ny, '

Although m; is not monotonically increasing, for each n € [ng, nsy1],

!

s, () i=—log _ min > —logm; (z)

0§i<j<nk+1
j—i>a(ng)

—logm.
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“logm! (z):= —1 i < —logm>
ogmy,, () og  _min = <-—logmy (),
j—i>a(ng41)

and one can show that for p-almost every x, for all k large,

—logmy,, (z) - 24 ¢ 1 log log ny,
log ny ~ Dy —¢ log ny,
and
—logmj,, (z) - 24 ¢ ) log log ng
log ng ~ Dy,—c¢ log ng
then the limit can be passed to the whole tail of m;, and (4.1.1) is proved. O

Remark 4.13. Note also that for |i — j| large, the measure of the sets {z :
d (T ix, TI x) < r} scales like 7”2 which is similar to the behaviour of the sequence
matching problem in the symbolic setting, and this matches our intuition because
Dy (p) is analogous to Hy in many ways.

To prove (4.1.2), we are dealing with iterates of x which return to an r-
neighborhood of itself within a(n) units of time, that is, we need to approximate
the measure of some short return sets as those Sy, (k) sets defined in section 3.1 for
the symbolic case. But we cannot expect a similar upper bound for short returns
as in (3.3) or (3.4). This is because for symbolic structures, an r,-cylinder is itself
an r, open ball with respect to the symbolic metric, so analysing the returns is
equivalent to analysing the repetition of letters in cylinders and one does not need
to consider the case that two iterates o'z, o7z are close to the boundaries of two
open balls with a common boundary but they belong to different cylinders.

For interval maps, although the Gibbs-Markov structure prescribes a natural
partition hence a way to define cylinders, metric balls and symbolic cylinders are
different objects so one needs to take more caution and include the case that two
points belong to different cylinders U,V € P, but they accumulate on a common
boundary of U,V with distance smaller than the contraction scale of n-cylinders.

The measures of the short return sets are approximated by the following lemma
for absolutely continuous Gibbs measures.

Lemma 4.14. [13, Lemma 3.4] Define the sets
Enle) i ={zeX |z -T"z| <e}.

Then for T satisfying Gibbs-Markov property and the invariant Gibbs measure p
absolutely continuous with respect to the Lebesque measure m with exponential decay
of correlation for BY against L' observables, there is some constant C3 such that
for alln € N and € small enough,

11 (En(e)) < Cse.

Proof. The original lemma states that m (€, (€)) = O(¢), and since m is equivalent
to pwon A with du/dm bounded away from 0 and +oo, there is a uniform constant
C\, such that

C;'m(A) < p(4) < Cum(A)

for each measurable A, therefore there is some C3 > 0 such that

11 (En(e)) < Cye.
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Proof of (4.1.2). Define the random variable S= by

n—1a(n)A(n—i—1)

87%('7:) = Z ]lB(T’iz,r) (TH_kx)v
=0 k=1

where a A b = min{a, b}.
As{x : Lp(piz) (T rz) =1} C{x: T'w € Ek(r)} = T~'&E(r), using Lemma 4.14
we obtain the following bound
e s ma() < 7) < u(SE 2 1)
n—1a(n)A(n—i—1)

1 < Z Z (T E (1)) < na(n)Csr
=0

Pick r = r, as in (4.4), for all n large enough such that

£ £ 1
= (1 2 < pae T2 < .
a(n) = (logn) nI—<, n Tog 7

As the invariant density dyp/dm is uniformly bounded, Ds(11) = 1 < 2, one has

2+42¢ C.
u(x:mn()<rn)<03n+2£r<n2503n Dy < Cyn~ 225§1 3
ogn

Therefore, by picking a subsequence nj = (ekﬁ, by Borel-Cantelli Lemma, we have
w{x : my, < r,, for infinitely many k} = 0, for u-almost every xz, for all k large
enough,

my (2) >,

and one can apply the arguments used to validate (3.1.1) to obtain (4.1.2) for p-
almost every x. O

Remark 4.15. The condition that g is an acip may be not sharp; if i is another
Gibbs measure with exponential decay of correlation and satistying (€ (¢)) = O(e),
then Theorem 4.7 remains valid.

log m, ()

As in the symbolic case the proof for the lower bound of —Toen is slightly
more complicated and also requires a second-moment computation which exploits
the following notion of mixing.

Lemma 4.16. A Gibbs-Markov interval map (T, u) has exponential 4 — mizing,
that is, for a < b < ¢ in N, there are C{,c¢y > 0 such that for any fi1, fa € BV,
g1,92 € L, such that

’/fl.szTQ.QlOTb'gQOTCd:u‘/fl’glOTadM/fg'QQOTdeM‘
< Cie*C'l(b*a)_

The constant C} depends on the functions f1, f2, g1, go.
In particular, for any given r >0, 0 < p,q < k(r), i =g1 =1, fo =g2 =
1,,, the constant C1 = Ci(f1, f2,91,92) does not depend on r.

Proof. Consider the transfer operator £ associated with the Holder potential ¢,
that acts on the space of functions of bounded variation of X, BY = BV(X),

L=L,:BY =BV, Lyf(x)= Y W)

Ty=x
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Let v be the conformal measure of £ and h the invariant density, Z—’V‘ = h. By
the following well-known fact, (see for example [14, (3)]) for mixing Gibbs-Markov
maps, there are Cgy > 0, € (0,1) such that for any f € BV,

L”f—h/fdy

< Cpy - &"||fllBY
BV

for all f € BV, there is
‘/flfQoTagloTbQQ OTCdﬂ_/flfQOT“dH/9192OTCbd“‘

- [eomnpa [ngor o

= ‘/ (cb_a(ﬁa(hﬁ)fz) - h/ga(hfl)f2 du) g1 0T gy 0 TV dy

< Hﬁb“(ﬁa(hfl)fz) —h / £5hf) Fadv|| 1191 lloollg2llos
1

<Cpy - k"L (hf1) follBvllgrllocllg2loc (4.5)

where the first equality holds by the invariance of p. As L%hf; is of bounded
variation because h is of bounded variation, and the product of functions in BV has
bounded variation, the first part of the lemma is proved.

Now we deal with the case fi = g1 = 1,,, f2 = g2 = 1,4, and find a suitable
upper bound for

LD, Lgollgy = [£%00, - Tyl + TV (L1, - 1,,).

As L is a positive operator, by its duality, ||[£L*h1,, -1yl = [ 1y, - 1gr0T%dp =
J1,,1,,0T*dp < 1. Also, for any function v € BV,

[ulloo < inf Ju(z)] + TV (u) < inf [u()[n(X) + [lullzy < [lullr + [lulsv,
zeX reX

then by Lasota-Yorke inequality for Gibbs Markov systems, there are «’ € (0,1)
and Cp,, > 0 such that

1Ry < KLl + Clipl s < K2(1 + 20jhlloc) + Cloy.
therefore, let C%,, = (1 + 2||h||o0) + Chy,
TV(L N1y - L) < L DLyl TV (L) + [[Lg,rlloo [ £2R 1y, [l Y
< (L% AprllBy +1) - 241+ |L% 1, 1|8y < 3 Chy + 2,

which is a uniform constant that only depends on the operator £, and combining
this with (4.5), one obtains C{ = C1(1, ,, 14, 1y, 1) = O(1). O

Lower bound (4.2).

proof of (4.2). Let e > 0 small be given. Consider the quantity m;> and the random
variable S;”:

k(r)
> () = in d(T'z,T7 >(7) = 1, (T'2)1, (T ).
my, () 05?52/3 (T'z, T7z), S () Z Z pr(T')1p - (T7 )
2n/3§j<’ﬂ nggn/B p=1

2n/3<j<n
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By Lemma 4.10, m;” () > 4r implies for all pairs of 0 < i < 2, 20 < j < n, if
for some p, d(T"x,x}) < 2r, then d(T7x,z,) > 2r hence S (x) = 0. By Paley-
Zygmund inequality,
E[(S7)% — B[S

E[S>]?

n

p(my, >4r) <p(z: 87 (z) =0) <

Using decay of correlation and invariance,

EST@ = 3 3 [ 1)1, (170 du(o)

0<i<n/3 P
2n/3<j<n

<(2Y'y (( [ 10 du<x>)2 95 <n/3>) (4.6)

p

where a = b+ ¢ means a € [b — ¢,b+ ¢|. Consider

(87 @) =323 2 L (T2 L (T72) L (T2 Ly (T').
1,5 St Dpyq

As in the proof of symbolic case, we will split this sum in terms of the distance
between the indices ¢, 7, s,t. Recall that

a(n) = (logn)>.

Let F' be the collection of all possible quadruples of indices (3, j, s, t), and define the
counting function

T:F—>NU {0}, Z 7, S,t Z ]]-[a o n),a+a(n)](b)
ac{i,s}
be{j,t}
then 7 < 2 since i, j and s, are at both at least 7 iterates apart, this allows us to
split F' into Fy,, := {(4,J,s,t) € F : 7 = m} for m =0, 1,2. Obviously, the following
upper bounds hold for the cardinality of each F,,

n

#En < am)” (5) (4.7)

Recall the notation
2 ] S
E[(S7) [Fnl = Y Z/ o (T'2) 1y (T72) 1y o (T2) 1 o (Th2) dpu(),
(2,7,8,t)EFy, Pq

also for simplicity, let us denote
Ry, = /]lp,r dp = p(B(zp, 2r)).

Contribution of indices in Fy: For each (i,j,s,t) € Fy, without loss of generality,
suppose i+a(n) < s and j+a(n) < t, as the alternative cases can be treated equally
by exchanging the roles of i, s or j,t and makes no difference to the calculation. As
min{j, ¢} —max{i, s} > %, by Lemma 4.16 and invariance, one obtains the following
upper bound for each such quadruple (i, j, s, t):

5 [ (00 (1721 (P01 (70) i)

p,q

= Z / Ly lgro Ts_i]lpﬂ’ ° Tj_i]lq,r oT" " dp

p.q
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< Cle ™ 5k(r)?? + > / 1,,1,, 0T dp,/ 1,1, 0T 7 du

p,q

< CLemF k()2 + Y > (RyRy + 2B(a(n)))?

< Cle= 3 r2% 4 8B(a(n))r—2% + Z (R,R,)* .
p.q
Where the last inequality holds as R,, R, < 1 for any p, ¢, and by [11, Lemma 3.3]
k(r) < r=% for some C) = 4logCy. Any term in the inequality above involving
B(a(n)) or Cle=“1% is admissible, hence for each k € R it is bounded by O(n*)
for all n sufficiently large, and now we shall pick

_2-4e
r=7r,=mn D2te,

then by (4.3.2)

Prte < 3 </ ]lpjrdﬂf =Y R (4.8)

Therefore, the contribution of indices in Fj is bounded from above up to an admis-
sible error by

2
ny4 2 p2 ny4 2 2 ny? 2
(5) XX mE<(3) XY m=(3) (Xm).
P g p q P
combining with (4.6), up to an admissible error term,

E[(S7)?|Fo] — E[ST]? < O(n™)

also by (4.6), as 28(%) is admissible we can bound it by n~3

4, — 4
E[S>]? > (g) (T£2+s _ 25(%» > (g) (n274 _p=3)2 x e
allowing us to conclude that there is some constant Cy > 0:
E((S7)21R] - ISP _ Gy
BISPE

(4.9)

Contributions of indices in Fy: Now we will deal with the indices in F}. Without
loss of generality, suppose |i — s| < a(n), ¢ < s and j < t, the other cases can be
treated by exchanging the roles of i, s or j,¢. By Lemma 4.16,

S [ (T 1y (02 (1)1 (7))

=y / 1y, 1y, 0T° 1, , 0T 1, o T " du by invariance

p,q

<> (/ Ly, Ly 0 T' dﬂ) [ @0 (25 0) ) + e Bk
p,q

<Y (RyR, +28(a(n))) / Ly (2) Lq,r(T° ") dp(w) + Cre= 18 r 2%,

p,q
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and this can be bounded by the following up to an admissible error using Cauchy-
Schwarz inequality,

Z/RPqup,r(z)]lq,r(Tsfiz) du(x)

p,q

[ R @)Y Rl (T dia)

[(Srte) o) (f(Srer) w

q
2
= / (Z Rp]lp,r> du. by symmetry and invariance
P

1
2

IN

As there are at most Cy non-zero terms of 1, .(z) for any € X, by the following
inequality for aq,...,a, >0,
(a1+a2+-~-+am)2 Sm(a%—i—a%—&-... a2)

' m

together with the fact that (1,,)? < 1, ,, the sum above can be bounded by

/co > Rl,,du=>» CoR} / Lprdp=Co ) RS.
p p p

As (a1 +---+ am)% <> aé, clearly Y, ar < (Zk ai/g)gﬂ, then we get up to
an admissible error and some constant Cj, for all n large such that a(n) < nf, as
>, Rf,)_%élﬁ(a(n)) and (Zp R§)7§ B(a(n)) are both admissible errors,
E[(S2)? 1]
E[S7])?
_ 2am)(5)°Co (=, B2)
~ (312, B —2B(a(n)))?
6a(n)(5)°Co (L2, F2)
172 —1/2 —3/2
o((z,m)" - astaw) (,m) " - asta? (2, 55) )
6Coa(n) 6Coa(n)

< = by (4.8
= ((Tﬁ2+5)1/2 _ O(nfl)) n((n=1+2 —O(n-1)) y (4.8)

G _ G (4.10)

< 72
- n- n—1+25 ne

o

Nlw

Contribution of indices in Fy: Finally, let us consider indices (i, j, s,t) such that
i — ], —t] < a(n). By Lemma 4.10, 35 1,,(T°z)1,,(T*z) < Cy for any z,
therefore for each i, j, s, t in Fb,

S [ 1T (T2 (1)1 (7'0) i)
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<X [ Ay T2 1y (TP2) )
P
2 n
<Cy Zp: R, + Coﬂ(g)k(T%

therefore, as #F> < Fa(n)?n?, by our choice of 7, in (4.8), up to an admissible
error there is some constant Cg such that,

E[(S2)2(F] _  4em)?(5)°Co Y, B
E[SZ]? — (3)*(2, B} — 28(a(n)))?
36Cha(n)?
1
wt (£, 7 - 45000 + 45(0)? (£, 7))
36007L2€
- n2 (7“52‘*‘5 - (’)(n—z)>

C’ana C@'
~ 7712 “otdce == ﬁ (411)

Hence, putting (4.9), (4. 10) and (4.11) together, we can conclude that for all n large

enough and r =r, =n D2+€ there is some constant C7 > 0 such that

VCLT[S>>] < 07

picking a subsequence nj = Uf2/ €], the probability is summable along the sub-
sequence which means by the Borel-Cantelli Lemma, for p-almost every x, for k
large

—logm;” (x) > —logdry, .

The proof of (4.2) is yet complete because m;> is not a monotone sequence, but for
each n € [ng, ng41],

> : j ) —-
—logm;” (z) > —log oDoin d(T'z, T'z) =: —logm;, (x),
2npy1/3<j<ng

and as for all k, mz  (z) < mj, (), repeating the same proof we have done for

logmnk > 2—4e
Tognr = Dpte

be passed to the entire tail of —logm; (x) and hence — logmy, (), which implies

whence the lower bound will

m;> one can also show that liminfy_, o

lim inf M > i
n—o00 — log n _D2

for p-almost every = by sending € — 0. O

Remark 4.17. (4.1.1) and (4.2) still hold if decay of correlations is exponential
with respect to other Banach function spaces B, B’, for example, both observ-
ables are in BY or Lip, where Lip := {f € C(X) : f is Lipschitz}, as long as
Bla(n))|1pr8l|1q,r]lp remains an admissible term. For example, if the system

has decay of correlations for Lipschitz observables, one can replace 1, , functions

with {pp}p Tl, a set of discretisation functions defined in [11], although it requires
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more machinery to adjust the proof for (4.2) and Lemma 4.16. Also, instead of ex-
ponential decay of correlations, the proof remains valid under stretched exponential
decay by manipulating the scale of k in a(n) = (logn)¥.
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